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Abstract

This article studies the fractional Dickey-Fuller (FDF) test for unit roots recently
introduced by Dolado, Gonzalo and Mayoral (2002). Apart from the analogy with the
Dickey-Fuller test, the main motivation for their method relies on simulations since
these authors do not provide any justification for their particular implementation of
the FDF test. In order to give additional rationale to the test, we frame the FDF test
in a model where a nuisance or auxiliary parameter is not identified under the null hy-
pothesis. Within this framework we investigate optimality aspects of the class of tests
indexed by this auxiliary parameter and show that the test proposed by these authors
is not optimal. In addition, we propose feasible FDF tests with good asymptotic and

finite sample properties.



1 Introduction

In a recent paper, Dolado, Gonzalo and Mayoral (2002, hereinafter DGM) have introduced
a fractional Dickey-Fuller (hereinafter, FDF) test for testing the null of unit root against the
alternative of fractional integration. This problem had already been posed and optimally
solved by Robinson (1994) and Tanaka (1999) for the Gaussian case. DGM showed that
their FDF test can equal or outperform the finite sample power of these optimal tests for
some particular implementations, even for (Gaussian time series. However, in contrast with
the optimal tests, DGM’s testing procedure is not supported by any statistical principle
or optimality criterion and its practical relevance appears to rely exclusively on the results
of Monte Carlo experiments. This superiority in the finite sample behavior motivates to
investigate whether it is possible to provide some rationality and to modify the FDF test
proposed by DGM to improve its asymptotic and finite sample properties. By considering
the FDF test as a class of tests indexed by an auxiliary or nuisance parameter that is not
identified under the null hypothesis, in this article we derive optimal FDF tests that improve
the ad hoc implementation of the FDF test proposed in DGM.

In DGM’s simplest framework y; denotes a fractionally integrated process whose true
order of integration is d, A%, = (1 — L)% = &;, where &; are i.i.d. random variables with

zero mean and finite variance and L is the lag operator. The fractional difference operator

is defined by

for any real a, where m;(a) = (i —a — 1)!/(i!(—a — 1)!) are the coeflicients of the binomial
expansion of (1 — L)*.

DGM consider testing the null hypothesis d = 1 versus either a simple alternative (d =
da) or a composite alternative (d < 1), by means of the t-statistic of the coefficient of A%y, 4

of the regression of

Alyt on A" Ye—1,

where according to DGM, d; is "the true value of d under the alternative hypothesis".
That is, the y; variable in the left hand side (LIIS) has been differenced once (the value
of d under the null hypothesis) whereas the y; | variable in the right hand side (RIIS)
has been differenced d; times ("the value of d under the alternative hypothesis"). Despite
DGM realized that their test was consistent against local alternatives, DGM did not provide
any further rationale for their test, and just relied on the analogy with the Dickey-Fuller



(hereinafter, DI) test. In the DF framework the null hypothesis is d = 1 and the alternative
is d = 0. The DF test is based on the t-statistic of the coefficient of y; | of the regression of
Ay on y; 1, l.e.

Aly, on A%, 4,

where the y; variable in the LHS has been differenced once whereas the y; | variable in the

RHS has not been differenced.
However, the analogy with the DF test used by DGM to motivate their FDF test is

tenuous. An alternative FDE test would use as test statistic the t-statistic of the coefficient

of 11 of the regression of
A%y on Ay .

The "rationale" of this type of FDF test is that the y; variable in the LHS has been differenced
"one minus the value of d under the alternative" times whereas the 1; | variable in the RHS
has been differenced "one minus the value of d under the null" times, as in the DF regression.
Note that, instead of having the same regressand as DF, as DGM propose, the previous FDF
test would have the same regressor as DF. In fact, this alternative version of the FDF is
closer to the original DF in the sense that the asymptotic null distribution of the associated
t-ratio is nonstandard for any value of dy, similar to the original DF, and contrary to DGM’s
FDEF test where the asymptotic null distribution of their t-ratio is the standard normal when
dy > 0.5. Obviously, these two proposals are not the only tests that can originate from the
DEFE’s set up, showing that invoking an analogy with the DF test is not sufficient for deriving

sound statistical tests.

DGM considered the OLS estimation of the model
Ay = oAy, 4wy, t=1,...,T, (1)

and proposed the FDF test statistic, which is the t-ratio associated with the OLS estimate

~

¢ of ¢,
VT ZtTZQ Ay Aty

dl) = s
\/EtT:Q(Ayt — pAhy, )2 ZtTZQ (Adiy, )
where T" denotes the sample size. Based on their particular analogy with the DF test, DGM

t( (2)

identified d; with "the true value of d under the alternative hypothesis", and hence they
inappropriately stated that for implementing the FDF test "a value of d is needed under
the alternative hypothesis to make [the test] feasible" (p. 1964). Hence, they went on to

arbitrarily recommend the use of dy = ds when the alternative hypothesis is simple, and



the use of dy = d when the alternative is composite, where d is a trimmed version of a VT-
consistent estimator for d, such that dis strictly smaller than 1 with probability one. We will
show that this interpretation is wrong and that there is no need to estimate d even for the
composite alternative case. Consequently, DGM’s qualification of the FDF test as a Wald
test on d is inadequate. DGM identified d; with the "true value of d under the alternative
hypothesis" and this interpretation of d; led them to propose an inefficient, arbitrary and
complicated implementation of the FDF test, as we will show. By contrast, we argue that
the parameter d; has a very concrete statistical meaning, since it defines a class of tests
indexed by dy, as it is emphasized in expression (2) by writing explicitly the input value d;
as an argument of the test statistic. This interpretation of dy will allow us to derive simple
(since there is no need of trimming or even of estimating d) and efficient implementations

of the FDF test.

In order to gain a new perspective on the DGM framework, notice that in model (1), ¢
represents the slope of the best proportional predictor of Ay; given A%y, | when d; > 0.5,
that is,

TS Ay Aty
Ty (Al )
The previous probability limits will be evaluated in Section 2. The key insight is that the

parameter ¢ can be different for each dy, so its dependence on dy has been stressed by writing
¢(d;). Notice that under the null hypothesis, Ay, and A%y, ; are uncorrelated, implying
that ¢(dy) = 0 for all d;. In Sections 2 and 3, we will see that maximizing the power of the
EFDF test is achieved by maximizing the correlation between Ay, and A%y, ;. Then, rather
than "the true value of d", dy is "a tuning parameter that determines the power of the FDEF
test". The important difference with DGM is that d; is not some arbitrary value derived from
DGM'’s particular analogy with the DF test, but a parameter that the researcher chooses
to maximize the correlation between Ay, and A%y, ;, and hence to maximize the power of

the FDF test.

As we have seen, under the null hypothesis, Ay, and A%y, ; are uncorrelated, that
is, ¢(d1) = 0 for all dy. In addition, under the alternative, the true d; can be defined as
the degree of differencing of 7, ; that maximizes the correlation between Ay, and A%y, ;.
Then, under the alternative dy is properly defined, but under the null d; is not identified,
since ¢(dy) = 0 for all dy. Therefore, this testing framework is similar, for instance, to
the nonlinear regression set up considered in Section 2 in Hansen (1996). This situation

is nonstandard since dy can be regarded as a nuisance or auxiliary parameter that is not



identified under the null hypothesis that states that the parameter of interest d equals 1. This
statistical problem has been addressed, among others, by Davies (1977, 1987), Andrews and
Ploberger (1994) and Hansen (1996). These references propose tests statistics that consider
all the possible values that the auxiliary parameter can take. However, in this article we will
show that, in the pure fractional case, the true optimal d; just depends on the true value of
d on a simple (linear) way; and in particular, the optimal FDF test against local alternatives
is obtained by setting dy equal to the true value of d; when d tends to 1, approximately
0.69. Hence, for this pure fractional case, there is no need of employing tests procedures
that consider a range of values of the nuisance parameter d;. However, for more complicated
cases where the augmented FDF case is required, the true d; can be difficult to define and
derive since it depends on the short run properties of 4, so tests that employ all the possible

values of the nuisance parameter can be more useful.

The plan of the article is the following. In the next section we derive optimal FDF tests
for pure I(d) processes using an asymptotic local power criterion in terms of d; under a
sequence of local alternatives that converge to the null at the parametric rate. Also, within
this framework, we analyze testing procedures, previously employed in econometrics and
statistics, which consider all the values of the auxiliary parameter in a given interval. Section
3 studies optimal tests for fixed alternatives introducing the maximal squared correlation
as a criterion to define dy. This criterion function allows the derivation of a feasible and
optimal implementation of the FDF test when a consistent estimator of d is available. A
brief Monte Carlo exercise compares the finite sample performance of the considered tests.
Finally, Section 4 concludes. For simplicity, we have followed the notation in DGM as close

as possible.

2 An optimal FDF test for local alternatives

In the previous section we have seen that the actual value of dy used to implement the
FDEF test may have very important implications on the properties of the test. In order to
motivate this point further, in Table 1 we report the results of a small Monte Carlo exercise.
The data is fractionally integrated with d = {0,0.1,...,0.9,1} with Gaussian errors and the
selected dy = {0,0.1,...,0.9}. We have chosen this grid of values for d; because they are
the values considered by DGM and because we will show later that for the pure fractional
case the optimal d,’s are always below 1. The considered sample size is 100 and the number

of replications is 30,000. Simulations have been carried out in double precision Fortran 90.



The set up is similar to that employed by DGM in their Figures 1 and 2. Table 1 reports
rejection percentages for the t(d;) tests based on 5% asymptotic critical values. Note that
for the case dy < 0.5, we employ the estimated critical values reported by DGM in their
Table X in p. 2003. Notice that when dy = d, £(d;) represents an unfeasible FDF test, as
proposed by DGM, which does not take into account the sampling variation associated with
the estimation of d. There are two main lessons from our Table 1. First, for any value of d;
the empirical power is essentially 1 for the case when d < 0.5. Hence, for this sample size
the most interesting case is when d > 0.5. Second, for the case when d > 0.5 the optimal
selection of d; is not d, as DGM propose, but a lower value. Inspection of Table 1 reveals
that with respect to DGM’s selection of dy, the empirical power can increase up to 35% by
optimally choosing d;.

In fact, the same two conclusions also appear implicitly in Figure 2 in DGM where they
show that the empirical power increases by choosing d; lower than d (notice that in Figure 2
in DGM the true value d is denoted by df). DGM were aware of this fact, and in p. 1975
they provided an explanation: "It is worth noticing that the power tends to decrease when
values of d; larger than dj are employed, especially when di > 0.7. This is so because in
that case we are considering an alternative that is close to the null hypothesis and, therefore,
the test turns out to be less powerful” (italics are ours). This sentence illustrates that DGM
continuously confused the role of d; with that of d. In this article, it will become clear that
the true (optimal) dy, in a sense to be established, and the value of d; that maximizes the
test statistic ¢(dy) for each sample are closely related with d, the true value of the fractional

parameter, but they are not the same.

It could be argued that the previous Monte Carlo findings are questionable because in
Table 1 there is a considerable size distortion, especially for the case d; = 0.5 (notice that
the first column of Table 2 in DGM also provides similar evidence). In order to confirm
that the previous findings are robust, we also calculated size-adjusted power. In Table 2 we
report rejection percentages for the £(d;) tests based on 5% empirical critical values for the
same set up as Table 1. Table 2 offers similar messages to Table 1. Mainly, compared with
DGM’s selection of dy, the empirical power can increase substantially by optimally choosing
dy.

From the previous simulation results it is clear that some criterion to optimally select dy
is desirable. Robinson (1994) and Tanaka (1999) consider a sequence of local alternatives to
the null hypothesis and derive asymptotically uniformly locally most powerful tests under

the assumption of Gaussian errors. In the DGM framework a similar analysis is limited



since no distributional assumptions are imposed and the class of test statistics is given by
(2). However, we can still use the same principle and define the true value of d; as that
which maximizes the correlation between Ay; and A%y, ¢, and hence maximizes the power

of t(dy) against local alternatives.

The following theorem establishes the asymptotic distribution of the class of test statistics
t(dy) under the sequence of local alternatives d =1 — ¢/ VT for all values of d; > 0.5. We
consider this range because the asymptotic distribution of £(d;) is the standard normal only
for these values of dy, and therefore power comparisons are analytically tractable. Notice
that this analysis includes the case dy = 1 that would not make any sense under DGM’s
rationality since d; = 1 is the value of d under the null hypothesis. DGM’s Theorem 4 also
analyzes local alternatives but, following their particular reasoning, they just consider the

case dy =d=1— 5/\/? On the contrary, we study any d; > 0.5.

Theorem 1. Under the assumption that the DGP is a fractional white noise defined as
DGP: AV OVTy — 21,0 with & > 0,

where &, 1s 1.1.d. with finite second moment, for dy > 0.5, the asymptotic distribution of the

test statistic t(dy) is given by:
t(dy) = N(—6h(dy),1),

where

I'(dh)

di/T(2dy — 1)

h(d1) =

and ' represents the gamma function.

The proof of the theorem is in the Appendix. Note that the noncentrality parameter
of the Gaussian asymptotic distribution of ¢(dy) is a positive function h(dy), d; > 0.5. It
achieves a maximum at d; = d* ~ 0.69145, h(d*) ~ 1.2456, and satisfies that h(0.5) = 0
and h(1) =1, in agreement with Theorem 4 of DGM where the drift of the distribution of
t(dy) for dy =1 — 5/\/T — 1 is obtained. In addition, as d; tends to infinity, h(d;) tends
to zero, see the plot of the function h(d;) in Figure 1. Figure 2 plots h(d;) for the more
interesting range 0.5 < dy < 1. Theorem 1 is remarkable because it shows that, contrary to
the previous econometrics literature (see Andrews and Ploberger (1994) or Hansen (1996)),

there exists a unique true optimal d; independent of 9.

In Figures 1 and 2 we have added horizontal lines at /72/6 ~ 1.2825, which represents
the noncentrality parameter achieved by the optimal Robinson-Tanaka test, and at 1 = (1),
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which is the noncentrality parameter for DGM’s original proposal, dy =d =1—10/ VT — 1.
Notice that h(dy) and 1/7%/6 are quite close at the true optimal dy = d* (in fact, for the
(Gaussian case the relative efficiency loss of the optimal FDF test with respect to Robinson-
Tanaka’s test is smaller than 4%) and that as d; approaches 0.5, h(d;) tends to zero and
has a vertical asymptote, reflecting the infinite efficiency loss incurred by choosing d; = 0.5.
In particular, since h(0.5) = 0, the test cannot detect root-T alternatives when d; = 0.5.
However, it is simple to check that for the d; = 0.5 case the test can detect local alternatives

converging to the null at the rate T2 log T.

In summary, Theorem 1 indicates that any value of dy > 0.5 implies a consistent FDF
test, hence there is no need to estimate consistently d and the FDF test should not be
qualified as a Wald test as DGM do. Furthermore, with respect to an asymptotic local
power criterion, an optimal implementation of the FDF test requires employing the true
optimal dy = d*.

Next, we give further insight on the FDF test by comparing the optimal FDE test
with Robinson-Tanaka’s optimal test. Following the proof of Theorem 1 (see (13) in the
appendix), it is easy to show that under local alternatives, the FDF test is asymptotically

equivalent to
T-1

T(dl) = T1/2 Z w](dl)ﬁ/]
j=1
where the weights w;(d,) are defined by
q(dp —1
wildy) = 1 — 1) ji=1,2...,

(e m2(ds — 1)

and ’ij is the sample autocovariance of order j of Ay,

T
) 1
Vi = T Z AyAy, ;.

t=j+1
Under the null hypothesis, and for dy > 0.5, it is obvious that 7 (d;) is distributed asymptot-
ically as a N(0,1), since Ay; = &; which is 1.i.d., so the Tl/Q’ij are asymptotically distributed
as 1.1.d. standard normal variates.

The Robinson-Tanaka’s test, see Robinson (1991) and Tanaka (1999), belongs to the

same class as 7 (dy), but it employs a different weighting scheme that does not depend on

dy or in any other parameter,

T-1
RT 1/2 RT ~
j=1

8



where Robinson-Tanaka’s weights are given by

1 1
WA — I - j=1,2,. ...

TR e

Robinson (1991, p.83) proposed these weights and Tanaka showed that they are optimal in

an asymptotic local power context. It is easy to show that 7(d*) is closest to 777 in the

sense that d* is the value of d; that minimizes
Z wj(dy) — wi T)Q.
j=1

This can be easily checked because it is straightforward to show that minimizing the previous
criterion is equivalent to maximizing h(d; ). In Figure 3, we have plotted the weights wf“T and
the weights w;(d;) for three values of dy: d*, 0.8 and 0.6. Note that the weights associated
to d* are slightly lower than Robinson-Tanaka’s weights for moderate autocorrelations. The
weights associated with d; = 0.8 (0.6) are above (below) wjr’m for long lags, but w;(d*) are

very similar to wRT

For the cases where dy is below 0.5, the asymptotic null distribution is no longer the
standard normal, hence power considerations become rather intricate. In particular, for the
case 0 < d; < 0.5 the asymptotic distribution of the FDF test is not pivotal, as stated in
Theorem 2 in DGM, and for this case it is possible to show that under local alternatives
the FDF statistic converges to a well defined zero mean distribution depending on ¢ and dj.
Monte Carlo experiments not reported here show that for this region the decrease in power

is monotonic in d; from the peak at the true optimal d; = d*.

For models where a nuisance parameter is not identified under the null hypothesis, the
statistics and econometrics literatures have proposed test procedures that take into account
simultaneously many values of the nuisance parameter instead of a single value. We have
shown that in the framework of this section, there is no need of employing this approach since
the true parameter d; (which is not identified under the null) is simply defined by d; = d*
under the local alternatives. However, as we will comment later, for a general implementation
of the FDF test, where additional lags of Ay; or deterministic trends may be included, the
true d; may have a complicated definition that depends on all these features. Hence, for the
general case, a sensible practical strategy might be to employ the tests statistics that we
consider next. In the rest of this section we briefly study this alternative approach that has
been developed by Davies (1977, 1987), Andrews and Ploberger (1994) or Hansen (1996) in

different contexts for a sequence of local alternatives similar to the one considered above.
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The main idea is to consider the statistic ¢(d;) as a stochastic process indexed by the
nuisance parameter dy. Under the DGP of Theorem 1, the asymptotic distribution of ¢(d;)
is pivotal for dy € D where D = [0.5,00), hence we restrict our analysis to any closed
interval Dy = [d,d] that belongs to the interior of D. Notice that the case d; = 0.5 has
to be excluded because of the discontinuity of the asymptotic theory. In order to derive
the test statistics and their asymptotic distribution theory, Theorem 2 below establishes the
weak convergence of the process t(d;) in the metric space of the continuous functions over
the set Dy, C(D;), endowed with the uniform metric. Based on this theorem, test statistics
are constructed by selecting continuous functionals ¢ of ¢(d;). For instance, the two most
common are the Kolmogorov-Smirnov (KS), supp, |t(d;)| and the Cramer-von Mises (CvM),
fDl t?(d1)dd;. The test based on supp,|t(d;)| parallels the sup Wald test of Andrews and
Ploberger (1994), and also similar analysis can be applied to the sup LM and sup LR tests.

The basic result that justifies these tests is the following theorem.

Theorem 2. Under the assumption that the DGP is a fractional white noise defined as
DGP : AVVTy = g1, with 6> 0,
where €; is 1.1.d and has finite fourth moment, for dy € Dy,
t(dy) = W(dy) — h(dy),

where => denotes weak convergence in the melric space C(Dy) endowed with the uniform

metric, W(dy) is a zero mean Gaussian process with covariance kernel given by

W (de, d) = (Zw (d® — D)mi(d® — 1)) (V(d)v(d)) 2,

for d$,db € Dy, V(d1) = igm2(dy — 1) =T(2dy — 1)/T(—d1)?, and h(dy) is defined in the
statement of Theorem 1.

In particular, notice that under the null hypothesis (§ = 0)
t{dy) = W(da), (3)

so that for each dy € Dy the asymptotic null distribution of ¢(dy) is the standard normal,
whereas for local alternatives the asymptotic distribution of #(d;) is the normal with mean

—0h(dy) and unit variance, agreeing with Theorem 1.

Given Theorem 2, it is immediate to derive the asymptotic distributions of the KS and the

CvM tests under the null and under local alternatives. Furthermore, since the asymptotic

10



distribution in (3) only depends on dj, and not on any feature of the data such as any
conditional moment, the asymptotic null distributions of these test statistics are pivotal,
and critical values can be easily estimated by Monte Carlo simulation. Alternatively, wild
bootstrap procedures as those described in Hansen (1996) are valid and simple to implement
in this context. Then, consistency of the tests follows by standard arguments. As commented
above, contrary to the framework in Hansen (1996), for the pure fractional case there is no
need of employing a grid of dy’s since the true optimal d; = d* is known for local alternatives
and furthermore, the FDF test which employs dy = d* is consistent against fixed alternatives.
However, as we will argue in the Conclusions, for more complicated structures, defining the
true (optimal) value for dy can be extremely complicated since this value depends on the
autocorrelation structure of the data. In these situations, employing KS or CvM with
bootstrap based critical values might be the best practical option. In the next section we

will briefly investigate the finite sample behavior of these tests.

3 An optimal FDF test for fixed alternatives

In the previous section we have derived a consistent and optimal implementation of the
FDEF test in a local alternative framework. In this section we will consider a complementary
criterion to select d; in a fixed alternative framework. We will see that if a semiparametric
estimator of d is available, there are alternative versions of the FDF test that are more

powerful in finite samples.

Since the asymptotic null distribution of the ¢(d;) statistic is the standard normal for any
dy > 0.5, for this range of values for d; maximizing the power is equivalent to finding the value
of d; that maximizes the probability limit of #(d;)?, properly standardized. Equivalently,
denoting by R?*(d;) the squared sample correlation between Ay; and A%y, 1, that is,

2
(Zthz A?JtAdl Yt 1)
S (Au)* Yo, (A, )

the basic relation of simple regression theory,

R?(dy)

)

R*(dy)

t(dy)? = Tm, (4)

implies that maximizing the probability limit of T 1¢(d;)? is equivalent to maximizing the

probability limit of R(d;)?, defined as p*(d,).

11



Therefore under the alternative hypothesis the natural definition of dy is the argument
that maximizes p?(d;), that is, the squared population correlation between Ay, and A%y, ;.

Denote this true optimal dy by
dy = d} := argmax p*(dy).
d1
Since dy does not appear on the variance of Ay,

-1 T d 2
T ZtZQ Ay A lytfl)
Ty o (Adyy )2
2
(limTﬂoo ! ZtTZQ Cov(Ayy, Adlyt,l))
= argmax . )
d1 limp oo 771, Var(Ady, q)

di = argmax plim,
d1

Then, using that A%y, = ;, the objective function can be written as

2
(limTﬂoo 71! ZtTZQ Cov (Al’det, Adl’det,l))
lim_ T-1 23:2 Var (Adlid&“t,l) ‘

Next, we calculate these expressions starting by the denominator. Using that A% 4, | =

ZLO Wi(dl - d)é“tfki’

T T t-2 o0
jlgrgo 1 Var (Adl*det 1) = zlgI;oT ! Z mi(dy —d)* = Zm(dl -
t—2 t=2 i=0 j—
if
dy —d > —0.5, (5)

and in this case, Y ;° mi(dy —d)? = T'(2dy — 2d+1)/T(d — dy — 1)%. Note that the previous
condition (5) is satisfied for any d; > 0.5. Regarding the numerator, using that A=, =
ZLl mi(1 — d)es i,

T
%EI;OT 2 Cov (Al de,, A9~ et, Zm d)m;1(dy — d).
Hence,
di(d) = arg max L(d,dy)
1
where )
X omi(l—d)m_y(dy — d
L(d dl) _ (Zl:lﬂ-( )’ﬂ' 1( 1 )) (6>

© T(2dy — 2d 4 1)/T(d — dy — 1)
Ideally, we would like to express analytically the objective function L(d,d;), and then derive
the function dj = dj(d) that provides the true optimal value of d; for each value of d.

12



Unfortunately, this is quite complicated for a general d. In agreement with the results in
Section 2, when d =1 — 5/\/T the optimal selection of d; is dj = d* ~ 0.69. Lor a general
d, we have not been able to find an explicit expression for the numerator of equation (6).
However, we can approximate df = dj(d) numerically with any level of precision, and in
Figure 4 we report the df(d) for some values of d and a truncation at ¢ = 10° in the infinite
sum in (6).

Confirming the results of the previous Monte Carlo experiments, Figure 4 shows that
d; is always below the true d. Figure 4 also indicates that the relation between d} and d
is essentially linear for the range dj > 0.5. In Figure 4 we have added the regression line
of di(d) on d. This fit is given by c?{(d) = —0.030 + 0.717d using a truncation at ¢ = 10°
in the infinite sum in (6). The standard error of this estimation is 0.0004. Notice that
c?{(d) —d > —0.5, so that the condition (5) is always satisfied. In addition, in agreement
with the results of the previous section, c?{(l) is very close to d*, the discrepancy can be

attributed to the numerical error in the approximation.

Notice that for values of d below 0.74 (approximately), c?{(d) would be below 0.5, so
that for these values it may happen that c?{(d) is not the optimal value for d;. However, as
previously stated, power comparisons for the case dy < 0.5 are analytically intractable, and
furthermore, as the previous Monte Carlo shows, even for moderate sample sizes, detecting
a violation of the null hypothesis is relatively simple when d is not close to 1. Hence, for
simplicity, we propose to employ as dy, a feasible version of c?{(d) In particular, for the
simple alternative case, we propose to select d; as —0.030 4+ 0.717d 4, which is different from
the value of d under the alternative hypothesis, as DGM propose. In addition, for the more

interesting composite alternative case, we propose to employ as dy
di(d) == —0.030 + 0.717d, (7)
where d is a consistent estimator of d that satisfies

TV 0g T (J— d) = 0,(1). 8)

Notice that DGM propose to estimate d with a V/T-consistent estimator, whereas con-
dition (8) also holds for many semiparametric estimators. The reason is that a careful
inspection of the proof of Theorem 5 in DGM shows that 875;5018(2)/861 is Op(T"*logT),
which is more accurate than Op(Tl/ 2} as DGM state in their expression (A.48). The previ-
ous condition (8) holds for many semiparametric estimators for an appropriate choice of the

bandwidth parameter, see Velasco (1999a, b). Of course, for the considered pure fractional
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case, semiparametric estimators are not necessary since the true model is known. However,
for more complicated cases and in empirical applications, where an augmented FDF test 1s
employed instead of the FDF test, semiparametric estimators may be specially relevant. Al-
though DGM did not consider the use of semiparametric estimators, they can be very useful
because they allow the derivation of consistent and efficient FDF tests without specifying a

correct parametric model.

In addition, note that contrary to DGM, trimming is not necessary. Following their
peculiar reasoning, in p. 1977 DGM wrongly stated that the trimming was necessary "since
the value of d; that is needed to implement the test ought to be strictly smaller than 1".
Our analysis shows that this trimming is not necessary since d; can be equal or bigger than

1. The following lemma justifies this implementation of the FDF test.

Lemma. Under the null hypothesis (d = 1), the t-ratio statistic associated to the parameter

¢ 1n the regression
Aye = $AT Dy, +u,, (9)
where c?{(c?) is given by (7) and d satisfies (8), is asymptotically distributed as N(0,1).
The proof of this lemma is omitted since it is similar to the proof of Theorem 5 in DGM,
with the commented modification to justify the use of a semiparametric estimator. The

intuition of the lemma is also similar to DGM: under the null c?{(c?) is close to d*, and hence

the asymptotic standard distribution is the standard normal.

Our choice of dy is asymptotically optimal when d; > 0.5, but it is natural to wonder
about the finite sample behavior of the considered tests. In the rest of the section we com-
ment on the results of a small Monte Carlo study. The framework is similar to that considered
in the simulations exercise of Section 2. The sample size is 100, d = {0.5,0.6,0.7,0.8,0.9, 1},
errors are (Gaussian and the nominal level is 0.05. We consider FDF tests with several

selections for d;, namely

a) d; = d, denoted by FDF(d),

b) di = d*, FDF(d"),

c) di = dj(d), FDF(dj(d)),

d) dy = {(c?n), where d,, is the Whittle parametric estimator, FDF(C?{(C?,J), and

e) dy = A{(c?m), where c?m is the Gaussian semiparametric estimator with bandwidth m,

FDE(d (d,y)).
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Regarding a) and c) notice that they represent unfeasible implementations of the FDF
test that assume that the true d is known and ignore the sampling error associated with the
estimation of d. Notice that in the considered pure fractional case, employing a semipara-
metric estimator is unnecessary and inefficient, however we also compute €) for completeness.
Regarding d) and ) note that they could be calculated in two different ways since both the
Whittle parametric estimator and the Gaussian semiparametric estimator could be applied
to the original data or to the first differences of the data. We tried both possibilities and
the results were very similar. The only apparent difference is that the size is slightly better
controlled when the first differences are employed. The reason of this difference is that for
d = 1 the estimators based on the levels are not consistent in their original form, see Velasco
(1999b) and Velasco and Robinson (2000). For c?m, the selected bandwidth is m = n%5,
which is sufficient for (8) to hold. Finally, following DGM’s suggestion for the test a) we set

dy = 0.99 for computing the size results.

In addition to the FDF tests we also include the KS and the CvM tests considered in
Section 2 and Robinson-Tanaka’s .M test. For the KS and CvM tests we tried two types
of critical values, asymptotic and bootstrap, calculated for d; € [0.51,0.7], because in the
considered pure fractional case any value higher than 0.69 is not optimal for any possible
alternative. Since the performance with the bootstrap was slightly better, we just report
the bootstrap results. Similar to Hansen (1996), for the bootstrap approximation we replace

the numerator of the FDF t(d) statistic by

T
Z A?JtAdl Ye—1V¢,

t=2
where the {v;} is an i.i.d. sequence of zero mean and unit variance random variables,
independent of 1, and independent in each bootstrap replication. In these experiments
300 bootstrap replications have been computed, and a uniform grid of 30 values for d; €
[0.51,0.7] has been employed. Regarding the selection of v, Hansen employs the standard
N(0,1), whereas we employ a Bernoulli variate where P(v; = 0.5(1 —v/5)) = (1+/5)/2V5
and P(v; = 0.5(1 + \/5)) =1-(1+ \/E_))/Q\/E_) This selection has been employed before
(see Mammen (1993) or Stute, Gonzélez-Manteiga and Presedo-Quindimil (1998)), and it
presents the advantage that the third moment of v; is equal to 1, and hence, the first three
moments of the bootstrap series coincide with the first three moments of the original series.
Finally, we also tried the ExpLM test of Andrews and Ploberger (1994), but these results

are not reported since they were very similar to those of CvM.

Table 3 reports the Monte Carlo size (d = 1) and power (d < 1) of the previous tests
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based on 5% asymptotic critical values for all tests except for the KS and CvM tests whose
figures are based on 5% bootstrap-based critical values. For this table and the next, the
number of replications is 10,000 for the bootstrap KS and CvM, and 100,000 for all the
other tests. Regarding the size results, notice that for all the variants of the FDF test the
empirical rejection probabilities under the null are higher than the nominal size. In partic-
ular, FDF(C/Z\T (c?m» presents a severe size distortion for this sample size. On the contrary,
all the non-FDF tests appear to be conservative. Hence, in Table 4 we also report the fig-
ures based on empirical critical values (size-adjusted power) for all tests. The main {indings
from these tables are the following. First, all the FDF tests appear to be more powerful
than the non-FDF tests. Second, compared to FDE(d), FDF(d*) fares relatively well when
the alternatives are close to the null, as could be expected. Third, comparing the different
implementations of the FDF test, it is very interesting to see that the unfeasible version of
the FDE test proposed by DGM, FDF(d), is dominated by all the other implementations
of the FDF tests in terms of power. In particular, when d = 0.8 or 0.9, power can increase
in relative terms between 20% and 30% by using FDF(C/[T(d)) instead of FDF(d). Fourth,
regarding the tests that employ all the values of the nuisance parameters, KS and CvM, the
results are very similar with a slight advantage of KS over CvM, as it is shown in Table 3.
In this respect, note that Table 4 offers a contradictory message, reflecting the difficulties of

interpretation associated to the unrealistic "size-adjusted" figures.

These findings are based on a very simple DGP. Monte Carlo experiments using alternate
parent distributions can be additionally informative. However, two preliminary conclusions
arise from this finite sample evidence. First, the FDF(d*) test may be a very sensible option
in practical applications since it performs fairly well in finite samples and has the advantage
of being very simple to implement. Second, if a consistent estimator for d is available, more

power in finite samples can be achieved by using alternative versions of the FDF test.

4 Conclusions

Similar to the Dickey-Fuller test, the FDF correlation test is likely to become very popular
among applied researchers. However, the implementation of the FDF test proposed by DGM
is not supported by any statistical principle or optimality criterion and, apart from not being
theoretically optimal, it leads to a loss of power in finite samples. DGM obtained the basic
asymptotic properties of their arbitrary and complicated implementations of the FDF test

statistics, but they did not provide any formal justification of their test procedures. In
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particular, they did not address many interesting issues, such as the interpretation of the
nuisance parameter di, the optimal implementation of the FDF test, the consistency of
the FDF test for local alternatives for any d; > 0.5, and the possible use of d; based on

semiparametric estimators of d.

In this article we have analyzed the FDF test with a model where a nuisance or auxiliary
parameter, dy, is not identified under the null hypothesis. By using this framework, we have
been able to provide rationale to some implementations of the FDF tests. In particular,
we have shown that the input value d; that needs to be used in the test should not be
interpreted as "the true value of d under the alternative hypothesis" as DGM do, but rather
as an auxiliary parameter that maximizes the power of the FDF test. Contrary to DGM who
arbitrarily selected dy, we have addressed the issue of optimally selecting the value of dy. In
a local alternative framework, we have proved that the FDF test is consistent against local
alternatives for any dy > 0.5, and most importantly, we have derived an optimal selection
for this auxiliary parameter. In addition, we have compared this optimal FDF test with
Robinson-Tanaka’s optimal test. In the pure fractional framework, we have shown that,
even in the composite alternative case, there is no need to estimate d, contrary to what
DGM state. Hence, in this context, the FDF test should not be considered as a Wald type
test on d, as DGM do. In the context of fixed alternatives, we have defined the true optimal
dy using a criterion based on the population squared correlation between the dependent and
independent variables of regression (1). In this framework, we have derived optimal tests
that are consistent against alternatives that converge to the null at the parametric rate, and

where d; can be based on semiparametric estimators of d.

We stress that we have just analyzed the case where the DGP is a pure fractionally
integrated process and where the employed test is the FDF test. Similarly to DGM, in
practical applications it is important to allow for more complicated DGP’s where the errors e;
may be weakly serially correlated. In this situation, we could follow DGM’s recommendation
and apply the augmented FDF test. Following the arguments in DGM and our Theorem 2,
it is straightforward to show that in the augmented FDF regression model, the asymptotic
null distribution of the t ratio statistic associated to the coefficient of the regressor A%y,
is still the standard normal, but the asymptotic covariance function of the ¢(d;) process is
more complicated, reflecting the short run properties of A%y, . In particular, the covariance

kernel is given by

CY (df,dy) = (ZW (d — 1)rd(d - 1)> (VA(d’f)VA(dli))fl/Q,
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where Va(di) = Y77, 7 (dy — 1)? and the filter 77*(d; — 1) is defined by the convolution of
the fractional filter m;(d; — 1) and the filter v,

wlt(di = 1) =) mildi — 1)y,
=0

where the coefficients {w j} reflect the short run properties of A%y, that is, A%y, = Z;io Vi€ gy
so that the pure fractional model is recovered when 1y = 1 and ¢, = 0 for all ¢ # 0. In a
similar way, under local alternatives the drift parameter also changes, in particular h(d;) is
replaced by
S g qye) S

ha(dy) = (2;% (d; — 1) ) 2; T
The optimal d; in this case is obtained by maximizing h4(d;) which depends on the whole
sequence v; through 7', Hence, in this general case, the true optimal d; is going to be
different to the true optimal d; for the pure fractional case. Though it would be possible
to estimate the true d; by using parametric and semiparametric estimates for the true d
and the 1, this procedure would be rather complicated in practice, so we believe that the
simplest and most natural testing procedures would be the KS or CvM tests with bootstrap
based critical values. However, a careful analysis of the general case is beyond the scope of

the current article.
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d\d| 01 02 03 04 0.5 06 07 0.8 0.9 1

0 100 100 100 100 100 91.7 67.2 37.2 159 5.34
0.1 100 100 100 100 100 981 81.8 482 193 5.38
0.2 100 100 100 100 100 99.7 91.9 59.7 23.1 5.55
0.3 100 100 100 100 100 100 96.3 683 26.1 5.53
0.4 100 100 100 100 100 100 97.8 741 29.0 5.53
0.5 100 100 100 100 100 99.9 981 784 333 6.31
0.6 100 100 100 100 100 99.7 964 754 325 591
0.7 100 100 100 100 99.9 99.1 93.5 70.2 30.0 5.51
0.8 100 100 100 100 99.7 97.7 894 64.1 27.3 537
0.9 100 100 100 99.8 99.0 956 &83.6 57.8 245 5.27

Table 1. Monte Carlo size (d = 1) and power (d < 1) of the FDF £(d;) tests: Percentage of

rejections based on 5% asymptotic critical value. Series follow a FI(d) with Gaussian errors.

Sample size is 100. Number of replications is 30,000.

d\d|01 02 03 04 0.5 06 07 0.8 0.9
0 100 100 100 100 994 91.1 66.1 36.2 15.2
0.1 100 100 100 100 100 979 809 46.8 185
0.2 100 100 100 100 100 99.7 909 57.2 215
0.3 100 100 100 100 100 99.9 958 66.2 24.5
0.4 100 100 100 100 100 99.9 973 72.0 27.1
0.5 100 100 100 100 100 99.9 97.1 743 29.1
0.6 100 100 100 100 100 99.6 95.7 72.8 29.6
0.7 100 100 100 100 99.9 99.0 929 682 28.1
0.8 100 100 100 100 99.6 976 836 62.5 26.0
0.9 100 100 100 99.8 98.9 954 829 56.8 23.7

Table 2. Monte Carlo power of the FDF (d;) tests: Percentage of rejections based on

5% empirical critical values. Series follow a FI(d) with Gaussian errors. Sample size is 100.

Number of replications is 30,000.
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d 05 06 07 08 09 1
FDF(d) 100 997 93.7 64.1 251 537
FDF(d*) 99.9 99.3 940 711 30.6 5.59
FDF(di(d)) | 100 100 98.2 77.6 322 5.57
FDF(d;(d,)) | 100 99.5 94.8 71.8 30.6 5.65
FDF(d;(d)) | 99.8 99.8 97.0 76.5 343 6.93
KS 100 99.0 90.7 586 19.3 4.70
CvM 99.8 985 89.4 583 19.3 4.42
LM 99.9 99.0 91.2 62.9 245 4.64

Table 3. Monte Carlo size (d = 1) and power (d < 1) of the FDF tests with several selec-
tions for dy, the KS, the CvM and LM test: Percentage of rejections based on 5% asymptotic
critical values for LM and all FDF tests and bootstrap-based critical values for KS and CvM.
Series follow a FI(d) with Gaussian errors. Sample size is 100. The number of replications

is 10,000 for KS and CvM and 100,000 for all the other tests.

d 0.5 0.6 07 08 0.9
FDF(d) 100 99.7 93.4 635 244
FDF(d") 99.9 99.1 932 68.9 284
FDF(d;(d)) | 100 100 97.8 755 30.0
FDF(d}(d,)) | 100 994 941 69.6 285
FDF(d}(dy,)) | 99.8 99.6 95.2 704 28.1
KS 99.9 995 93.1 624 21.2
CvM 99.9 99.2 92.4 634 218
LM 99.9 99.1 919 64.5 25.7

Table 4. Monte Carlo power of the FDF tests with several selections for dy, the KS, the
CvM and LM test: Percentage of rejections based on 5% empirical critical values. Series

follow a FI(d) with Gaussian errors. Sample size is 100. The number of replications is 10,000.
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Figure 1. Asymptotic efficiency of the FDF and LM tests: plots of h(d;), h(1) =1 and
\/72/6. The point (1,1) corresponds to DGM proposal.

21



1.25 T /\

075 T

025 7T

0.5 0.625 0.75 0.875 1

Figure 2. Asymptotic efficiency of the FDF and LM tests: plots of h(d;), h(1) =1 and

/72 /6.
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Figure 3. The weights wi" (bold solid line) and w;(dy) for dy = d* (thin solid line),
d; = 0.8 (dotted line) and d; = 0.6 (circled dotted line).
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Figure 4. Plots of the points (d, dj(d)), and the lines d; = c?{(d) and d; = d* = 0.69.
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5 Appendix

For simplicity, in this appendix we assume that the variance of €; is one.

Proof of Theorem 1. We begin by introducing some notation. Let

t—1

Ay =ATglpg =2 + Zﬂ'i(_eT)gtfia

i=1

where 07 :== =672, and w1 (—0r) = Or, mo(—0r) = 0.507(1 + Or) ~ —0.507"2, and in
general 7;(—0r) ~ —j 18T~ 12 where the symbol ~ means that as the sample size tends to

infinity the ratio of the LHS and the RHS tends to one. Also,

t—2

AWy = A"Tgy 1oy =41 + Zm(—ﬂT)e?tflfm

i=1

where ny =1 —dy — 6T V2, so that my(—ny) = np & 1 —di, To(—np) = 0.50,(1 + ny) ~
0.5(1 — d1)(2 — d1) and so on.

First, consider the numerator of #(d;) scaled by T-1/2,

T
Qr(dy) = T2 Z Ay A%y,
t—2

1/2 - «— ! _6 ¥
— 7Y Z <€t + Zz; <;\/—T> €ti> <€t1 + ;Wi(_nT)gtli> (10)

=2
52 L. /et -2

—I—Tfl/Qﬁ ZW;(—Q*)&%i €t-1 1 Z’ﬂi(_nT)gtflfi (11)
=2 \i=1 i=1

where 7} is the first derivative of m; and 6" is some point between 0 and 7. Note that
|7 (—0)] < C i~ 'logi by Lemma 1 of Delgado and Velasco (2003). Since (10) is O,(1) as
it is showed next, it is straightforward to show that (11) is o,(1).

The leading term (10) of Q7 (d;) can be written as

T

LR ( #(77) e Z (or) ) ( * :zi”_””gt”)
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- Tl/QzT: <<7;> L+ Z < > m(—nm?“) (12)
+T1/225t (et 1+Zm —Nr)Er1- 1) (13)
(

+T1/22T: < __;> gt1> (2 7Ti(_77T>5tli> (14)

*TW”C(m )] (3 o).

The last two terms, (14) and (15), in the previous expression are 0,(1) using similar

reasoning to that in the proof of Theorem 4 in DGM. The term (12) is

5 T )
T ( i Z ) ?zl) —p —0K(dy)
=2 -1
where

) = Jim tiL(_W -y mhsy
! Tooe T S \ &= i+ 1 e i1

Using a standard central limit theorem, the term (13) is

T t—2
<€t€t1 + Z'ﬂ'i(_nT)gtgtli> —4 N(0,V)
=2 i=1

Sl-

where

T -2 2
SR S S CNES SR

=1
9 2
— tg}E(Z (dy — 1)eesq- )
= Z’]Ti(dl—l)2<00
=0

because 1 — dy < 0.5. Hence, Qr(dy) —a N(—=0K(d1), > g mi(d1 — 1)?).

Second, consider the denominator of £(d;) scaled by T-1/2, Tt is straightforward to show
that g%(dl) —, 1, and, given the above expression for A%y, |, by a law of large numbers it

is easy to see that

T
1

ZAyu —p hmE<€t1+Z7Tzdl_1€tlz> Z'ﬂ'zdl_l
=2

i=1
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Hence,

—0K (dy)
dl —d N s .
" (\/25007” —1r)? 1)

Finally, direct calculations lead to K(d;) = 1/d; and to

— , T(2d; —1)
;Wi(_nT) = P(d1)2 .

Proof of Theorem 2. First, we consider the numerator of #(d;) scaled by T~'/2. We want

to show that for d; € D,
Qr(di) = Q(d1) — 0/dy,

where @(d;) is a zero mean Gaussian process with covariance kernel given by
CRde, d) Zm (d? — 1)m;(d — 1).

The finite dimensional distributions of each of the terms in which we decomposed Q7, (12)

o (15), have been analyzed in Theorem 1. Thus, it only remains to check their tightness.
We start by analyzing in detail the second component of @ (d;). Using the Cramer-Wold
device, (13) converges in distribution for each finite set J of values of dy to N(0,V(J)),
where Vo (J) = C9(d$, d%). Now, define X;(dy) = e 1 + ij mi(—np)eei—1-4. In order to
prove tightness, it is sufficient to show that, for and any d9,d} € Dy,

B (% > (i) - Xt<d2>>> < K|dt — &) (16)

for some v > 1, where K > 0 is a generic constant that does not depend on T" or (d’f, dg) .
Then, using the 1.i.d. property of the &;, the left hand side of (16) equals

H~

4 —2

TS5 (i~ 1= ST = it~ 1 -5V’ an)

T
t=2

.
—_

Using the Mean Value Theorem for 7;(+), (17) is bounded by

T
K |dg — db|? o
Sy A i < gy -
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Next, define Zy(dy) = &2 | + S0 2(i + 1) 'mi 1 (—np)e2 ;. The first term of Qr(dy), (12),
converges in probability to 0 uniformly in Dy, because it is 0,(1) for each d;, and it is tight

using that

(752 Z(d5) Zt(d’f)]—Zt(d?HE[Zt(dli)})) < K|d§ — &P,

and because

sup | Z(dy)] + K(dy)] = o(1).

di1€Dq

The last two components of Qr(dy), (14) and (15), are also 0,(1) uniformly in dy € Dy,

using similar arguments and the proof of Theorem 4 in DGM.

g%(dl) — 1‘ —, 0, and that

In addition, it is straightforward to show that sup, . p,

—, 0.

L I
sup |7 Z (Adlytq)Q — V(dy)
—2

dieDq

Finally, the theorem follows by the Continuous Mapping Theorem.
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