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Abstract

This article proposes omnibus consistent goodness-of-fit tests of a parametric dynamic quan-
tile regression model. Contrary to the existing procedures we allow for the simultaneous speci-
fication of an infinite number of quantiles under fairly weak conditions on the underlying data
generating process. We study the asymptotic distribution of the test statistics under the null
and under fixed and local alternatives. It turns out that the asymptotic null distribution de-
pends on the data generating process and the hypothesized model. We propose and justify
theoretically a subsampling procedure for approximating the asymptotic critical values of tests.
The article also considers asymptotically distribution-free tests for the classical location-scale
family based on certain weighted standardized residuals processes. An appealing property of all
tests proposed in the article is that they do not require estimation of the non-parametric (con-
ditional) sparsity function. A Monte Carlo study compares the proposed tests and shows that
the asymptotic results provide good approximations for small sample sizes. Finally, an applica-
tion of our methodology to the Sharpe Style Analysis of the Magellan Fund and a reanalysis of
the Pennsylvania Reemployment Bonus Experiments provides evidence that the linear quantile
model is a good specification for the first and a misspecified model for the second.
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1. INTRODUCTION

QUANTILE REGRESSION is a powerful alternative to least squares regression in a wide range of
econometric applications that vary from labor economics or demand analysis to finance, see the
special issue of Empirical Economics (2001, vol.26) and the references therein. The conditional
quantile has the advantage over its natural competitor, the conditional mean, of being more robust
to outliers and imposing less restrictions on the data generating process (DGP). Rather than relying
on a single measure of conditional location, the quantile regression approach allows the researcher to
explore a range of conditional quantile functions, thereby providing a more complete analysis of the
conditional dependence structure of the variables under consideration. Since the seminal work by
Koenker and Basset (1978) there has been a large body of research devoted to regression quantiles,
resulting in a well-developed theory of asymptotic inference for many important aspects of quantile
regression. Most of the extant literature has been devoted to the estimation of quantile parameters
and the associated so-called quantile processes, see, e.g., Koenker and Xiao (2002). It is well-known
that such inference procedures depend crucially on the validity of the specified parametric functional
forms for the range of quantiles under consideration (cf. Kim and White, 2002). The main purpose
of this article is to develop omnibus diagnostic tests for the correct specification of the functional
form of a family of parametric conditional quantiles over a range of quantiles of interest and under
fairly general conditions on the underlying DGP.

More precisely, let us consider the real-valued dependent variable Y;, and the explanatory vector
I,_; € R, d € N, say. To be more concrete, let Z, € R™, m € N, be an m-dimensional observable
random variable (r.v) and Wy_1 = (Y;_1,...,Y;—s)' € R%, where A’ denotes the matrix transpose of
A. The conditioning variable we consider is Iy = (W/_4, Z})’, so d = s+m. We assume throughout
the article that the time series process {(Yz, Z;)" : t = 0,41, +2, ...}, defined on the probability space
(Q, A, P), is strictly stationary and ergodic. Assuming that the conditional distribution of Y; given
I; 4 is continuous, we define the a-th conditional quantile of Y; given I;_; = x as the measurable

function g, (x) satisfying the equation
P(Y; < qa(It—1) | It—1) = «, almost surely (a.s.). (1)

In parametric quantile regression modeling one assumes the existence of a parametric family of
functions M = {m(-,0(«)) : 6(-) : T — © C RP}, where 7 = [¢,1 — €] is the range of quantiles of
interest, with € € (0,1/2], and one proceeds to make inference on 6(:) or to test if g¢. € M, i.e., if
there exists some 0y(-) : 7 — © C RP such that m(l;_1,0¢(a)) = go(Lt—1) a.s. Ya € T. We remark
that our theory is also valid for a general compact set 7 of (0, 1), but in accordance with the quantile

regression literature we present our theory with 7 = [e,1 — €], € € (0,1/2].



Leading examples of specifications M are the Linear Quantile Regression (LQR) model
m(I;—1,00(a)) = m(Z;,00(a)) = Z,00(a), aeT,

with the location-scale shift model as the prominent example in which 0g(a) = (Bg, Vo Fy *(@)) €
© C RP, and where Fofl(oz) denotes a univariate quantile function, see, e.g., Koenker and Xiao

(2002), or the Linear Quantile Autoregression model of order s (LQAR(s)),
m(Ii—1,00(a)) = m(Wi—1,00(a)) = Oo1(a) + W_1002(cx), o) = (01(), (),
which arises, for instance, from the random coefficient model
Y = 001(Us) + W{_1002(Uy), (2)

where 01 (+) and 0g2(+) are such that the right hand side of (2) is monotone increasing in Uy, and {U; }
are independent and identically distributed (iid) standard uniform random variables, see Koenker
and Xiao (2004) for inferences on the LQAR(s) model.

Although much effort has been devoted to inferences on 6y() based on the associated quantile
processes, i.e., Q,(a) = /n(0,(a) — (), for 0,(a) a y/n-consistent estimator of 0y(c), and
inferences based on @, («) usually depend on the correct specification of the parametric regression
quantile model, no consistent test for q. € M has been proposed. In the present article we propose
omnibus consistent tests for ¢. € M valid for general linear and nonlinear quantile models under
time series sequences.

The condition q. € M can be equivalently expressed as an infinite number of conditional moment

restrictions (CMR)
E[1(Y: <m(Li—1,600(a))) —a | I;—1] = 0 a.s. for some Oy(-) : 7 — O C R, Va € 7. (3)

Therefore, all of the many procedures available in the literature for testing a CMR can be applied
for testing the correct specification of the parametric dynamic quantiles, with the proviso that
an infinite number of CMR, have to be tested. The vast amount of literature on testing CMR
can be divided into two approaches. The first approach is called the “local approach”, because
it is based on nonparametric estimators of the conditional moment. Using this idea Zheng (1998)
has proposed a quantile regression specification test based on kernel smoothing estimators of the
conditional moment F[1(Y; < m(l;—1,0¢(a)))—a | I;—1] under iid observations for a fixed « € (0, 1).
Horowitz and Spokoiny (2002) have developed a specification test for LQR for the median function
(i.e., @ = 0.5) which is uniformly consistent against smooth alternatives whose distance from the
linear model converges to zero at the fastest possible rate, but the rate is slower than the parametric

rate. Recently, Whang (2005) using ideas from the empirical likelihood literature has proposed a



specification test for quantile regression and censored quantile regression for 7id data. Local-based
tests usually have known asymptotic null distributions after an appropriate choice of the bandwidth
sequence, but they are not consistent against Pitman’s local alternatives.

The second methodology in the CMR literature is called the “integrated approach”, see Bierens
(1982) and Stute (1997). Using this methodology, Bierens and Ginther (2001) proposed a test for
(3) for a specific quantile, i.e., for a particular o € (0,1). Their test is consistent against n~'/2 local
alternatives, with n the sample size, but it relies on an upper bound on the asymptotic critical value,
which might be too conservative. Bierens and Ginther (2001) considered iid observations and do not
take into account the uncertainty due to parameter estimation, see also Inoue (1999) for a related
approach. Koul and Stute (1999) considered asymptotic pivotal tests for parametric conditional
quantiles of first-order autoregressive processes. To obtain the pivotal property of the test they
use a martingale transform (cf. Khmaladze, 1981). Alternatively, Whang (2004) has considered a
subsampling approach to approximate the asymptotical critical values for multivariate LQR. Also
recently, He and Zhu (2003) use empirical process theory to develop a bootstrap-based test for linear
and nonlinear quantile regressions in an iid framework.

An important limitation for our purposes of all the aforementioned proposals is that they do
not consider the problem (3), but the less restrictive problem of testing for ¢, € M,, for a fixed
ap € (0,1) and a parametric family M, = {m(-,8(ao)) : 0(ap) € © C RP}. Unlike these procedures,
our new tests consider the problem (3) for the whole set of quantiles of interest 7. The proposed
tests are based on functionals of a quantile-marked empirical process. The asymptotic theory for the
test statistics is derived using new weak convergence results for empirical processes under martingale
conditions, which are of independent interest. It turns out that the asymptotic null distributions of
test statistics depend on the specification under the null and the DGP. We propose to implement
the test with the assistance of the subsampling. Another important contribution of the paper is
the development of asymptotically distribution-free (ADF) tests based on a weighted standardized
residual empirical process for testing the adequacy of the quantile regression model imposed by the
classical location-scale model.

The rest of the article is organized as follows. In Section 2 we introduce the quantile-marked
empirical process, which is the basis upon which the new test statistics for testing (3) are developed.
We study the asymptotic distribution of the proposed tests under the null and under fixed and
local alternatives. In Section 3 a subsampling procedure for approximating the asymptotic null
distribution of the proposed omnibus tests is considered and theoretically justified. Section 4 is
devoted to obtain ADF test statistics for the location-scale model. In Section 5 we make a simulation
exercise comparing the subsampling and ADF tests under the null and under some alternatives.

Finally, an application of our methodology to the Sharpe Style Analysis of the Magellan Fund



and a reanalysis of the Pennsylvania Reemployment Bonus Experiments highlights the merits of
our approach. Proofs are deferred to an appendix. Throughout the article A¢ and |A| denote the
complex conjugate and Euclidean norm of A, respectively. In the sequel C' is a generic constant that
may change from one expression to another. The symbol Op(1) denotes boundedness in probability

and op(1) convergence to zero in probability. All limits are taken as the sample size n — co.
2. TEST STATISTICS AND ASYMPTOTIC THEORY

The main goal of this article is to test the null hypothesis
Hy: E[Yo(Y: —m(I;—1,60p)) | I;—1] = 0 a.s. for some 6y € B and for all . € T,
against the nonparametric alternatives
Hy: P(E[Y,(Y; — m(I;—1,60(@))) | 1—1] #0) > 0, for some o € T and for all f(a) € © C RP,

where U, (e) = 1(¢ < 0) — «, and B is a family of uniformly bounded functions from 7 to © C RP.
Note that under Hy (and a mild continuity condition), m(z, 0p(«)) is identified as the a-th quantile
of the conditional distribution of Y; given I;_; = =z, for all o € 7. Testing for Hy is a challenging
testing problem since it involves an infinite number of non-smooth CMR parametrized by a € 7.
We address these technical difficulties by means of new weak convergence theorems for empirical
process under martingale conditions, see the Appendix.

Using the results in Bierens (1982), our first aim is to characterize Hy by the infinite number of

unconditional moment restrictions
E[W, (Y1 —m(Iy,0p))exp(iz’'Iy)] = 0, Vo € T C R, for some 0y € B and for all a € 7, (4)

where T is a compact subset of R? containing the origin, and i = v/—1 is the imaginary unit. Instead
of the exponential function we may also use any of the parametric families considered in Bierens
and Ploberger (1997), see also Stinchcombe and White (1998).

Given a sample {(Y;,I}_;) : 1 <t < n} and a parameter value 6 € B, we consider the quantile-

marked empirical process indexed by © € T, « € 7 and 0 € B,

Sulw,0,0) i= 02 S W (Y — m(li-1,0)) explia’T,1).

t=1
Associated to S, are the quantile-marked error and residual processes, respectively, defined by
Ry (z,0) = Sp(x,,0p) and Rl (z,0) = S, (x,,0,,), for a \/n—consistent estimator 0,,(a) of fy(c),
say. The null hypothesis is likely to hold when the process R’ (z,a) is close to zero for almost all

(@, a) ell:="TxT.



The most popular estimator of 6y is the Quantile Regression Estimator (QRE), initially proposed
Koenker and Basset (1978) for the linear model, and subsequently generalized to other frameworks
by numerous authors, see references below. The QRE is defined as any solution 0k g ,, () minimizing

n

B r— ZPQ(Yt —m(li—1,p))

t=1
with respect to f € © C RP, where p,(¢) = —¥, (¢)e. Koenker and Park (1996) discussed the
existence of 0 p ,(a) and an interior point algorithm for its computation.

Basset and Koenker (1978) proved the consistency and asymptotic normality of Ok p ,(a) in
the Linear Regression (LR) model, including the least absolute deviation estimator, see also Pol-
lard (1991). The asymptotic theory for 6k, based on the associated quantile process @,(-) =
Vn(@xpen(-) —00(-)), as a process with parameter o € T, have been considered, among others, in
Gutenbrunner and Jureckova (1992) and Gutenbrunner, Jureckova, Koenker and Portnoy (1993) for
LR models, in Koul and Saleh (1994) and Jureckova and Hallin (1999) for linear autoregressions,
and by Mukherjee (1999) for nonlinear autoregressions (NLAR). For early contributions see Portnoy
(1984). In the present article we do not restrict ourselves to 6k g, and we consider any estimator
0, satisfying some mild conditions, see A3 below.

The process R. is a mapping from (2, A, P) with values in ¢°°(II), where ¢>°(II) is the space of
all complex-valued functions that are uniformly bounded on II. The space ¢°°(II) is furnished with
the supremum metric, say ds, and let By be the corresponding Borel o-algebra. Let = denote
weak convergence on (¢*°(II), B4 ) in the sense of J. Hoffmann-Jgrgensen, see, e.g., Dudley (1999,
p. 94), or Definition 1.3.3 in van der Vaart and Wellner (1996).

Because of (4), test statistics are based on a distance from the standardized sample analogue of
E[V, (Y1 — m(Io, 00())) exp(iz'Iy)] to zero, i.e., on a norm of R., say I'(R.). A popular norm is

the Cramér-von Mises (CvM) functional
CvM,, = / IR (. )| dB(a)dW (o), (5)
I
where ® and W are some integrating measures on Y and 7, respectively. Other continuous (with
respect to do) functionals I' from ¢°°(II) to R are of course possible. Then, the omnibus tests we

proposed in this article reject the null hypothesis Hy for “large” values of I'(RL). Practicalities

about the test statistic CvM,, are discussed in Section 5.
2.1 Asymptotic null distribution.

In this subsection we establish the limit distribution of the quantile-marked empirical process R}

under the null hypothesis Hy. The null limit distributions of the tests are the limit distributions of



some continuous functionals of RL. To derive asymptotic results we consider the following notation
and assumptions. Throughout the paper the family B, in which the parameter 6y takes values, is
endowed with the sup norm, i.e., |||z = sup,c7 |0(a)|. Let for each t € Z, Fy = o(I{,1{_4,...), be
the o-field generated by the information set obtained up to time t. Let us define for each ¢t € Z,
the quantile innovation &, := Y; — go(fy—1) and the parametric quantile error e;(6(a)) = Y; —

m(I;—1,0(c)). Define also the family of conditional distributions
Fo(y) =PYi<yllia=2), Fra(y):=Plera <y|lia=2), (6)

Let fr,o be the error density function of the cumulative distribution function (cdf) Fp, .. Let
Ny(6,H, ||-]l) be the d-bracketing number of a class of functions H with respect to a norm |||, i.e.,
the smallest number r such that there exist f1,..., fr and Ay, ..., A, such that max;<;<, [|A]] < 6
and for all f € H, there exists an 1 < ¢ < r such that || f — f;|| < A;, see Definition 2.1.6 in van der
Vaart and Wellner (1996).

Assumption Al:

Al(a): {(Y2,Z]) :t =0,+1,£2, ...} is a strictly stationary and erdogic process and (U, (e¢.q ), Fi—1)tez
is a martingale difference sequence for all o € 7.

A1(b): The parametric family m(z,fo(c)) is nondecreasing in a, ¥z € RZ.

Al(c): E[|Io]] < C.

A1(d): The family of distributions functions {F,,z € R9} has Lebesgue densities {f,,z € R?}
that are uniformly bounded

Sup |fz(y)| <C

r€RY yeR

and equicontinuous: for every € > 0 there exists a § > 0 such that

sup |fe(y) — f2(2)| < e

R, |y—2| <5

Assumption A2: For each 6, € B,
A2(a): There exists a vector of functions g : R? x ©® — R? such that g ([;_1,01(a)) is Fy_1-

measurable for each ¢t € Z, and satisfies, for all £ < oo,

sup n2 m(l_1,02) —m(Ii—1,61) — (62 — 01)'9(Ii—1,01)||5 = op(1)

1<t<n,[|01—02]| g <kn—1/2
A2(b): For a sufficiently small § > 0,
E sup  |1(Y: < m(li—1,01(x))) — 1(Y: < m(lz—1,02(x)))|| < C6, Va € T and
101 —02]|5 <o

E[ sup |m(Io, 91(0&1)) — m(I(), 91(052)”] S Co.

\alfoz2|§6



A2(c): Uniformly in a € T, E|g (Io, 01 ())|* < 0o, and uniformly in («/,) € II,

%Zg(ft—u Oo(a)) exp(iz'Ti—1) f1,_,.0(0) — E [g(Li—1,00(c)) exp(iz'T;—1) f1,_,,a(0)]| = op(1).
t=1

Assumption A3:
A3(a): The parametric space © is compact in RP. The true parameter 6y («) belongs to the interior

of © for each @ € 7, and 6y € B. The class B satisfies

oo

[ (o506 B, 1)) "% 48 < oo

A3(b): The estimator 8,, € B, for all n sufficiently large, and satisfies the following asymptotic

expansion under Hy uniformly in o € 7,
1 n
Qn(a) = Vn(0n(a) = bo(a)) = N Zla(thlt—hHO(a)) +op(1),
t=1

where I, (+) is such that E[l,(Y1,1o,00(c))] = 0, Lo(6o(a)) = E[la(Y1, Lo, Oo())ll, (Y1, Lo, Oo(r))]
exists and is positive definite, and E[lo (Y, [—1,00())¥o(Ys — m(Is-1,00()))] = 0 if ¢ # s. Fur-
thermore, as a process in £°(7), Q,(«) converges weakly to a Gaussian process Q(-) with zero mean

and covariance function

KQ(OQ,CYQ) = lim — ZZEUO” (K,Itflaao(al))lag (st-[sflvg()(oﬂ))]'

n—oon,
t=1 s=1

Assumption Al(a) is standard in the model checks literature under time series, see, e.g., Bierens
and Ploberger (1997). Al(b) is natural in the present context. Al(c) is necessary for the equicon-
tinuity of the limit process of R,, and can be avoided using exp(iz’¢(I;_1)), with ¢(-) a one-to-one
bounded mapping (see Bierens and Ginther, 2001), instead of exp(iz'I;_1). Al(d) is necessary for
the tightness of the process R} and is required in Koul and Stute (1997). Assumptions A2(a)-A2(c)
are classical in inference about nonlinear models, see Koul (2002) monograph. A2 is satisfied for all
models considered in the literature under mild moment assumptions, e.g. LQR and LQAR models.
Conditions for the satisfaction of A3(a) can be found in van der Vaart and Wellner (1996), see e.g.
their Theorem 2.7.5 for monotone classes of functions which applies to LQAR models. The condition
0, € B, for all n sufficiently large, can be weakened to P(6,, € B) — 1 as n — oo, at the cost of
complicating the proofs, see Escanciano and Song (2006). A3(b) has been established in the litera-
ture under a variety of conditions and different models and DGP’s, see, for instance, Theorem 1 in
Gutenbrunner and Jureckova (1992) or Theorem 3.2 in Mukherjee (1999). For NLAR models with
iid innovations (eg¢)sez distributed as F., Mukherjee (1999) proved A3 for 6k ,(c). Then, under
some mild additional assumptions, including that S, () == E [g (I1,00(a)) g (I, 00(cx))'] exists and
is positive definite, Mukherjee (1999) showed that A3(b) holds for the QRE under H, with
B Jol(a)g(ft—lago(a))‘pa(ﬁ)

q(a)

)

la(Ye, It—1,00(a)) =



where g(a) = f.(F-(a)) and f. is the density of F.. The quantile limit process Q(-) in that case is
Zgol(.)W(o) /q(+), where W(-) denotes a vector of p independent Brownian bridges on 7.

Now, we establish the limit process of R,. Under Al(a) and Hy, because R, (v) is a zero-mean
square-integrable martingale for each v = (2/,a)’ € II, using a suitable Central Limit Theorem
(CLT) for stationary ergodic martingale difference sequences, cf. Billingsley (1961), we have that
the finite-dimensional distributions of R, converge to those of a multivariate normal distribution

with a zero mean vector and variance-covariance matrix given by the covariance function
Koo (v1,v2) = (a1 A g — ayan)Elexp(i(zy — 22) I _1)], (7)

where from now on v; = (2}, 1)" and vy = (2, a2)’ represent generic elements of II, and A denotes
the minimum, i.e., a A b = min{a,b}. The next result is an extension of the convergence of the

finite-dimensional distributions of R,, to weak convergence in the space ¢°°(II).

THEOREM 1: Under the null hypothesis Hy and Assumptions Al(a-c)
R, = R,

where Ry is a Gaussian process with zero mean and covariance function (7).

Theorem 1 generalizes Bierens and Ginther (2001) to a time series setup and more importantly,
to the case in which all the quantiles in 7 are considered in the specification test. In other words,
we consider the process R, indexed by z € T and « € 7, whereas their process is indexed only in
z € T. Note that no mixing conditions are required in Theorem 1.

In practice, 0y is unknown and has to be estimated from a sample {(Y;,I;_;) : 1 < ¢ < n} by
an estimator 6,,. When we replace 6y in R,, by 0, resulting in RL, we need to investigate how the
estimation error will affect the asymptotic properties of RL. The next result shows this effect on the

asymptotic null distribution of R.. Define the function

G(z,00(a)) := Elg(Io,00()) f1,,0(0) exp(iz' )], zecT, acT.
THEOREM 2: Under the null hypothesis Hy and Assumptions A1-A3

sup  |RL(z,a) — Ry(x, o) + G'(x, 0p(c))n /2 Zla(Yt,It_l, Oo(@))| = op(1).
zeY, €T t=1

As a consequence, we obtain the following corollary.

COROLLARY 1: Under the assumptions of Theorem 2

R! — Rl ,



where R (1) = Roo(:) — G'(+,00(:))Q(") (in distribution,).

Now, using the last corollary and the Continuous Mapping Theorem (CMT) we obtain the asymptotic

null distribution of continuous functionals such as CvM,,.

COROLLARY 2: Under the assumptions of Theorem 2, for any continuous functional T'(-) from
¢>°(II) to R,
[(R}) = T(RL,).

2.2 Consistency and Pitman’s local alternatives.

In this section we study the consistency properties of tests based on functionals I'(RL). First, we
show that these tests are consistent, that is, they are able to detect all alternatives in H4. To that

end, we need the following assumption.
Assumption A4: Under H, there exists a #; € B such that ||6, — 61|z = op(1).

See Kim and White (2003) for conditions on xp,, to satisfy Assumption A4, see also Section
3 in Angrist, Chernozhukov and Fernandez-Val (2006). Henceforth, almost sure convergence of
nonmesurable maps is understood, as usual, as outer almost sure convergence, see van der Vaart

and Wellner (1996) for definitions.

THEOREM 3: Under the alternative hypothesis Ha and Assumptions A1, A2, A3(a) and A4,
n” V2R () 5 BN (e0(01(-))) exp(i - Ip-1)]-

Furthermore, the function E[U.(e:(01(-))) exp(i-I;—1)] is different from zero in a subset with positive

Lebesgue measure on 1I.

A consequence of Theorem 3 and the CMT is that (under the assumptions of Theorem 3),

~1/2 p1 2 P . 2
/ 2R (2, 00| d(@)aw () £ / E[W o (e2(01(0))) exp(ia’ I, _1)] |2 dD(2)d W () > 0,
I IT

provided that ® and W are absolute continuous with respect to the Lebesgue measure. In such a
situation, the test statistic CvM,, will diverge to 400 under any fixed alternative and the test will
be consistent.

Now we analyse the asymptotic distribution of R} under a sequence of local alternatives converging

to null at a parametric rate n='/2. We consider the DGP generating the local alternatives
Qo (It—l)
Hyp: B9 (Y, —m(Li—1,600)) | [i—1] = — i A for some 0y € Band foralla € 7,  (8)
n

10



where the function a,(-) : R? — R satisfies the following assumption.

Assumption A5: a,(-) is such that Esup,cs |aq(I:—1)| < co. There exists a F;_i-measurable r.v.

Ci—1 with E[C?_,] < oo, such that for all t € Z and for all a1, a9 € 7,
laa, (It—1) = @ay (It—1)| < Cp1 | — as|, as.

To derive the next result we need the following assumption on the behaviour of the estimator under

the local alternatives.

Assumption A3’: The estimator 6,,(«) satisfies the following asymptotic expansion under H 4,

uniformly in «,
1 n
V(O (a) = Oo(a)) = &, () + 7 Y (Y, i1, 60(@) + op(1),
t=1
where the function l,(+) is as in A3(b) and &,(«) € RP for each v € 7.

Assumption A3’ holds for most estimators considered in the literature. For instance, in the nonlinear

time series context of Mukherjee (1999), the corresponding &, () to Oxp () is
§o(a) = *‘fl(a)zggl(a)E[flo,a(O)Q(It—l, o)aa(li-1)]-
The shift in charge of local power against alternatives in H4 ,, is given by
D, (z,00(a), @) :== Elaq(Io) exp(iz’ly)] — &, (a)G(x, 0o ().
THEOREM 4: Under the local alternatives (8), Assumptions A1-A2, A3(a), A5 and A3’
R, = R. + D,,

where R is the process defined in Theorem 2.

It is not difficult to show that
D, =0 ae. > an(li—1) = £, (a)g(l;—1.00(c)) for all « € T a.s.

Therefore, for directions a,(-) not collinear to the score g(-,0(c)), the shift function D, is non-
trivial and test statistics based on I'(R?) for a symmetric functional I' are asymptotically strictly
unbiased against the local alternatives (8). The latter result is not proved formally here for the sake

of space, but follows straightforwardly from Anderson’s Lemma (cf. Anderson, 1955).
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3. SUBSAMPLING APPROXIMATION

We have seen before that the asymptotic null distribution of continuous functionals of R}, depends
in a complex way of the DGP and the specification under the null. Therefore, critical values for the
test statistics can not be tabulated for general cases. In this section we overcome this problem with
the assistance of the subsampling methodology. Resampling methods have been used extensively in
the literature of quantile regression models, see, e.g., Hahn (1995), Horowitz (1998), Bilias, Chen and
Ying (2000), Sakov and Bickel (2000) or He and Hu (2002). These articles consider iid sequences.
When time series are involved the bootstrap approximation becomes more challenging. Subsampling
is a powerful resampling scheme that allows an asymptotically valid inference under very general
conditions on the DGP, see the monograph by Politis, Romano and Wolf (1999). Chernozhukov
(2002) and Whang (2004) considered subsampling approximation for LQR models. In this section
we apply the subsampling methodology to approximate the critical values of continuous functionals
of R, thereby generalizing the aforementioned works to general nonlinear models. With an abuse
of notation we write the test statistic as a function of the data {X; = (Y3, I]_;) : t =0,£1,£2,...},
I'(RL) =T(RL(X1,..., X)) Let GL(w) be the test statistic cdf,

Gy (w) = P(I(R,,) < w).

Let T(R; ;) = T(Ry(Xi, ..., Xitp-1)) be the test statistic computed with the subsample (X, ..., X;15-1)
of size b. We note that each subsample of size b (taken without replacement from the original data)
is indeed a sample of size b from the true DGP. Hence, it is clear that one can approximate the sam-
pling distribution G% (w) using the distribution of the values of I‘(R%yi) computed over the n —b+1

different subsamples of size b. That is, we approximate G% (w) by

n—b+1
1
r 1
= ) < .
Grp(w) = g ;:1 LI(RE,) <w),  we [0,00)
Let ¢}, ;_,, be the (1 — 7)-th sample quantile of G}, ,(w), i.e.,

c};l_ﬂ, = inf{w: GE}b(w) >1-r7}.

Thus, our subsampling tests reject the null hypothesis if T'(R}) > 02717771). Let ¢! be the (1—7)-th
quantile of GL_ (w) = P(T(RL,) < w). To justify theoretically this resampling approximation we need
an additional assumption on the serial dependence of the DGP. Define the a-mixing coefficients as

a(m) = sup sup |P(ANB) — P(A)P(B)|, m>1
nELBEF, ,AEPntm

where the o-fields F,, and P,, are F,, := o(X;,t < n) and P,, := o(X;,t > n), respectively, with
X =Y, Zi4)"

12



Assumption A6: {X; = (Y, Z},;) :t =0,£1,£2,...} is a strictly stationary strong mixing process

with a-mixing coefficients satisfying

Z a(m) = o(n).

m=1

The mixing assumption in A6 is sufficient but not necessary for the validity of the subsampling,
see Politis, Romano and Wolf (1999). This subsampling procedure allows us to approximate the
asymptotic critical values of the tests based on I‘(R}L’w). The next result justifies theoretically the

subsampling approximation.

THEOREM 5: Assume Assumptions A1-A6 and that b/n — 0 and b — oo as n — oco. Then,
(i) Under the null hypothesis Hy,

r P T
Cn,l—T,b — Ci_;-

and

PORY) >, ) — .
(i) Under any fized alternative hypothesis
P((R,) > ¢pyrp) — 1.
(i1i) Under the local alternatives (8),
P(L(Ry,) > ¢y1-rp) — P(D(Ry + Da) > c1_,).

Theorem 5 implies that the proposed subsampling tests have a correct asymptotic level, are con-
sistent and are able to detect alternatives tending to the null at the parametric rate n=/2. An
appealing property of our subsampling tests is that they do not need estimation of the nonpara-
metric (conditional) sparsity function, which results in a substantial simplification of the tests. In
practice, the empirical size and power of the tests depend on the choice of the parameter b. For this
choice the reader is referred to Politis, Romano and Wolf (1999) or Sakov and Bickel (2000). In
the present article, we follow the suggestion of Sakov and Bickel (2000) and we chose b = Umz/‘r’J ,
where || denotes the integer part, which yields the optimal minimax accuracy under certain condi-
tions. Section 5 below shows that this resampling procedure provides good approximations in finite

samples for a variety of values for k.
4. DISTRIBUTION-FREE TESTS FOR LOCATION-SCALE MODELS

In this section we explore a rather different approach to study specification tests for the most
popular class of models in the econometrics and statistical literature, the location-scale models. The
main contribution of this section is to develop ADF specification tests for quantile regressions of

such models based on certain weighted residual empirical processes.
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Location-scale models are defined as

Y = f(li—1,B0) + h(Li—1, Bo)ue(Bo), 9)

where {u:(8,) = wu:} is a sequence of iid standardized errors, with u; independent of I;_;, and
By is an unknown finite-dimensional parameter in RP~! p > 1. For these models, the associated

conditional quantile is

m(Li—1,00(a)) = f(Li—1, Bo) + h(Li—1, Bo) F,, *(e), (10)

where F; ! is the quantile function of u;, so the corresponding g is 0g(a) = (By, F), 1 (a))’. Let f,
be the density of F,.

Within this context, Hy is equivalent to
E[1(us(By) < F ' (a)) — a] = 0 for some 0g(a) = (By, F), *(a)) € © CRP Va € T.

Then it is natural to based a test on the weighted standardized residual empirical process
J _
KrlL,w(a) = %Zw(-{t*hﬁn){l(ut(ﬂn) < Fu,rlL(a)) - a}?
t=1

where w(l;_1, ) is a real-valued measurable transformation of I;_; that will be specified later on
and depends on 8, u:(53,,) are standardized residuals obtained from (10) using a /n-consistent esti-
mator f3,,, say, and F, | (a) estimates F), ' (ar). We can consider 0 g n(c) for 6g(a) = (8o, F; ' (@),
but any other estimator satisfying A3 is possible, e.g. the Quasi-Maximum Likelihood Estimator
(QMLE) for 3, and the empirical quantile of residuals for F .

Under Hy, K%yw is asymptotically centered, but under the alternative it is not asymptotically
centered anymore, suggesting to base omnibus tests on suitable functionals of K}l’w. We choose the
weights w(l;_1,6,) and construct functionals in a simple way such that ADF tests are obtained,
avoiding either subsampling approximations or complicated martingale transforms.

In the proof of Theorem 6 below we obtain, under the null Hy and regularity conditions, the

asymptotic uniform (in o € 7) expansion,

KL, (a) = % S w1, Bo) (1w (By) < Fi(a)) — a} (11)

HV(F (@) = F @) fu(Fy (@) Elw(li-1, By)]
+\/ﬁ(/8n - BO)/b(aa w, 60) + OP(l)v

where
b(ov,w, By) = fu(Fy (@) E [w(Ii—1, Bo)ari(Bo)] + E [w(Ii—1, Bo)az,(By)] ful(Fy () Fy (), (12)
a14(8) = fi(B)/h(Li-1,8),  a2.4(B) = he(B)/h(L;—1, ),
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with fi(8) = 0f (It—1,8,)/98 and hy(8y) = Oh(Is—1, B,)/B.
Notice that

Elw(li-1,B9)ai,i(8y)] =0 =12, (13)
implies b(a, w, By) = 0, and if in addition w(l;_1,3,) has also zero mean, then a suitable standard-
ization of K}hw(a) is ADF.

To simplify notation write

Xi(B) = (1,a14(B),a5,(B))"  t=1,...n.

To guarantee that (13) holds, we start with an initial w(I;_;) and we shall take as w(l;_1,3,,) the
residuals from the least squares regression (provided no exact collinearity exists, otherwise remove

the necessary regressors),
wli) =YX (B)+ & t=1.n. (14)

The initial w is up-to the econometrician and gives flexibility to direct the power of the tests against
desired directions, see the end of this section.

The least squares estimator in (14) is

The estimator 7, (83,,) estimates v = v(8,) = (E[X:(80) X1 (Bo)]) " E[X:(8y)w(I;—1)] and the weight

w(l—1,B8) = w(li—1) — v (Bo) X:(By) (15)

satisfies (13) and has zero mean, by construction. The function @(I;_1, 3,)) = w(Ii—1)—7,(B,) X:(B,)

estimates w(l;_1, 8y) in (15). Our final process is

KL o(a) = %Zam_l,ﬁnn(ut(m < F7La)).
t=1

To study the asymptotic behaviour of K i & Wwe need the following regularity conditions.

Assumption AT: Let ©g  be a small convex neighborhood of j,.
AT7(a): The functions f(I;_1,3) and h(I;_1,3) are (a.s.) twice continuously differentiable in ©g, .

In addition,

E

sup |Xt(ﬁ)|2] <C,
56@/30

and I(f) = E [X:(8)X{(B)] is positive definite on O, .
A7(b): For a sufficiently small 6 > 0 and all sufficiently large n on,

E

sup [ X¢(81) — Xt(ﬁz”} < 9.

|B1—Bo|<on=1/2
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Assumption AS8:
A8(a): B [w?(Ii-1)] < C.
A8(b): F, is strictly increasing and has a Lebesgue density f,, that is uniformly bounded, i.e.,
sup | fu(z)] < C,
z€R
and equicontinuous: for every € > 0 there exists a § > 0 such that
sup |fu(z) — fu(z)] < e

lo—z|<6

Assumption A7 is necessary to show that the estimation of w(l;—1,8y) in (15) has not asymptotic
effect on the limit process of Krlwﬁ' Koul and Ling (2006) have shown that AT is satisfied for most
common examples in the literature, e.g. ARMA-GARCH models. The conditions in Assumption
A8 are analogous to Assumption A1(d), having the same role. Set 02 = E[w? (I, 3,)]

THEOREM 6: Under the location-scale model (10), Assumptions Al(a), A3, and A7-A8

Kl

@) = aB() in £2(T),
where B is a standard Brownian Bridge on [0, 1].

An application of the CMT yields

Codtys, = [372|KE o] da - [ [B(a) da, (16)
T T
and
KSp s = sup |6 K} 5(a)| -5 sup | B(a)], (17)
a€eT a€eT

where ° = n~! S0, @2(I;_1, B,,) estimates o2. The asymptotic critical values of the test statistics
CvM, ;s and K S, ;s are distribution-free and can be easily tabulated, see Section 5.

A natural candidate for estimating F;, is the empirical cdf of residuals F,, ,,. In such a case the
test statistics CvM,, ;s and K .S, ;s can be easily computed, as the process K}L@(a) takes at most
n—2i. + 1 values, where i, = inf{j : 1 < j <mn, j/n > ¢}. Similarly, if F;, ,, is a continuous estimator
of F, CvM,, ;s can be easily computed and no numerical integration is necessary.

The choice of the initial w allows us to construct omnibus ADF tests with power against desired

alternatives. To illustrate this point, consider the following local alternatives within the model (9):

Hyn: E[Y; | Iy = 2] = f(x,80) + n~ s (x). (18)
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Under these local alternatives the expansion in (11) typically is a sum of centered iid random
variables plus a shift, see Behnen and Neuhaus (1975). The shift is in charge of local power. It can

be shown that the shift (in absolute value) is

Dl(OL) =F [’w(Itfl,ﬂo)sm(l—tfl)hil([tflaﬁo)] fu(Fgl(a))

It is then clear that the optimal choice for w(I;_1, 3,) is the orthogonal projection of s,,, (I;—1)h ™1 (I;_1, B,) on
the orthocomplement of the span generated by X;(5,)-

As compared to other methods for obtaining ADF tests our tests are much simpler to compute.
The weight function @w(I;—_1, 5,) can be estimated with any regression package and no nonparametric
estimation of the (conditional) sparsity function is necessary. In contrast, martingale transforms
require nonparametric estimations of this function in the computation of the scores, which may

result in inaccurate size performance in finite samples.
5. FINITE SAMPLE PERFORMANCE

We investigate in this section, by means of a Monte Carlo experiment, the finite sample perfor-
mance of the proposed tests. Our interest in these simulations is in the comparison between the
ADF tests and the subsampling-based tests. We describe our simulation setup.

The choice of ®() in (5) is up-to the practitioner and gives flexibility to direct the power against
some preferred alternatives. Following Escanciano and Velasco (2006) and references therein, we
choose ®(-) equal to the d—variate standard normal random vector. Thus, our CvM test boils down
to

n n

1
CoM, =Y /q/a(yt Ty, 00)Wa(Ys — (T, 1, 6,))AW (@) | exp(—3 ey — ).
L\7T

t=1 s=
We consider as W a uniform discrete distribution over a grid of 7 in m = 21 equidistributed points
from € to 1 — €. Denote by 7, = {aj}}":l the points in the grid, withe=a; < - - < ay, =1 —e.
We compute CvM, ;s and K S, ;s as

m—1

(1 —2¢) 1 2
CvM, s — 5 Kn o \&5 3
n,l: 82(77’17 1); | s ( J)|
and
KSnis = max |57 K, ()],

with initial weights w given below.
The limit processes in (16) and (17) are functionals of the Brownian Bridge on [0,1]. To ap-

proximate the critical values of such functionals we carry out simulations based on the so-called
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Kac-Siegert expansion of the Brownian Bridge, i.e.
1/2
B() =Y A/%eiv;(), (19)
j=1

where
1

Aj = G ¥, (t) = V2sin(jnt), t€ 0,1, j=1,2,...,
and {e;}52, are 7id N(0,1) r.v’s. We approximate the series in (19) using the first » = 1,000
summands of the series. Tables I and II report the approximated asymptotic critical values for
CvM,, ;s and KS,, ;s for different values of m and based on 100,000 replications. As expected, the
approximated critical values for K.S), ;s are more sensitive to the choice of m than those of CvM,, s,

especially for small values of m. Notice also that for large values of m, the asymptotic critical values

for K S, ;s are very similar to those of the standard KS test of the Brownian Bridge on [0,1].
Please, insert Table I and Table IT about here.

For the simulations, we examined two data generating processes that have been previously con-

sidered in Zheng (1998) and Whang (2004):
DGP1:Y; = Xy + Xos + 10 4wy, t=1,...,m,

where o = X2, + X3, + X1, X2 and Xy, Xop and uy; ~ iid N(0,1), mutually independent. The
null hypothesis corresponds to the location model with ¢; = 0, so the null quantile model is a LQR
model

m(I;—1,0()) = Z;00 (), aeT,

with Z, = (1, X1, Xop)' and 0g(a) = (¢ (a),1,1), with ¢ *(a) the quantile function of the
standard normal r.v.

The second design is a time series model:
DGP2:Y; = 0.6Y;_1 + X; + co X7 + gy, t=1,...,n,

where X; = 0.5X;_1 + ¢; with both ug; and &; are sampled independently from N(0,1) and Yy =
Xy = 0. Here, the null model corresponds to ¢ = 0. Under Hy, a LQR model holds with I; 1 =
(1,Y,_1,X,), and Oo(a) = (¢~ (), 0.6,1)".

We consider two sample sizes n = 100 and n = 300 and a quantile interval [0.1,0.9]. As the number
of subsamples, we follow the suggestion of Sakov and Bickel (2000) and we chose b = Umz/ SJ , with
k from 9 to 11 for DGP1 and from 3 to 5 for DGP2, that yields for DGP1 (DGP2), b = 54,60 and
66 (18,24, and 30) for n = 100 and b = 81,90 and 99 (27,36 and 45) for n = 300. We set the number
of Monte Carlo repetitions to 1,000. The parameter 0y(«) is estimated by the QRE of Koenker and
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Bassett (1978). In all experiments, the nominal probability of rejecting a correct null hypothesis
is 0.05. The results with other nominal values are similar. To compute CvM,, ;s and KS), 5, we
choose wy(Iy_1) = X%, and wy(l;_1) = o4 for DGP1 and wy(l;_1) = |Y;—1X¢| and wo(l;_1) = X?
for DGP2. In tables we denote by CvlM,, ; and K S, ; the test statistics based on w;(I;_1), i =1,2.

Table IIT provides the rejection probabilities of the tests for DGP1. When ¢; = 0, the results show
that the size performance of the subsampling-based test is good for all the subsample sizes considered
and that the approximated asymptotic critical values lead to accurate empirical sizes for the ADF
tests. We observe that to achieve appropriate empirical sizes the choice of b for the DGP1 should
be larger than for the DGP2. When ¢; # 0, the results show the power performance of the tests.
The rejection probabilities increase as n increases, as expected, showing that the tests are consistent
against these fixed alternatives. For DGP1 the ADF tests outperform the subsampling-based test,
with CvM,, 2 and K S, 2 having the best empirical power, which is consistent with our local-power
analysis. The latter conclusion was expected because the ADF tests take into account the location-
structure of the model, and use of this information should produce better power properties. For the
subsampling-based tests the power does not depend substantially on the choice of b. Table IV gives
the corresponding results for DGP2 with similar conclusions to those under DGP1.

Unreported simulations using the indicator weight function 1(I;_; < z), instead of exp(iz'[;_1),
confirm that exponential-based tests have more power than indicator-based tests for these alterna-
tives. In fact, this was our motivation for the use of the exponential weight in the CvM test.

This small simulation study suggests that even with relative small sample sizes the subsampling

and ADF tests proposed in this article exhibit fairly good size accuracy and power.

Please, insert Table III and Table IV about here.
6. APPLICATIONS

In this section, we apply the new proposed tests for testing the correct specification of some well-
known quantile models considered in the literature. More concretely, we examine two applications:
first, we consider the Sharpe Style Analysis of the Magellan Fund studied in Kim and White (2003),
see also Basset and Chen (2001), and second, the Pennsylvania Reemployment Bonus Experiments
analyzed in Koenker and Xiao (2002). In both applications LQR models have been considered for a

range of quantiles in 7 = [¢,1 — €] for a given € € (0,0.5).
6.1 Application to Sharpe Style Analysis

Since Sharpe’s (1988, 1992) seminal work, the Sharpe style regression has become a popular tool

to analyze the style of an investment fund. The Sharpe style regression is carried out by regressing
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fund returns on various factors mimicking relevant indices. By analyzing the regression coefficients
of the factors, one can understand the style of a fund manager. Bassett and Chen (2001) have
proposed using the quantile regression method to analyze the style of a fund manager over the entire

conditional distribution. These authors consider a linear specification
R; = 900(0&) + Qlo(a)ZtLG + 920(a)ZtLV + 930(0[)2{96 + 940(a)ZtSV + €t,a5 (20)

where {R;} are the returns of the Fidelity Magellan fund, the factors are the Russell indices classified

as:

Large (L) Small (S)
Growth (G) | Russell 1000 Growth (ZF¢) | Russell 2000 Growth (Z7)
Value (V) Russell 1000 Value (Z1V) Russell 2000 Value (Z;7V)

The sample we consider is from January 1979 to December 1997, as in Kim and White (2003), with
a total of 228 monthly observations. Details about the estimation and other related issues for this
data set can be found in Basset and Chen (2001) for a shorter period and in Kim and White (2003)
for the period considered here. In this section we are interested in testing the correct specification
of the LQR model in (20) and to test if a pure location model is appropriate for this data set.
Kim and White (2003) did not find evidence against the LQR specification. We consider € = 0.1
and m = 9, i.e., « = 0.1,0.2,...,0.9. For the subsampling we choose b between 90 and 100. We
do not find evidence against the linear specification with the CvM subsampling-based test. The
smallest empirical p-value for CvM subsampling-based test is 0.4388. As for the tests for a location
model, we have considered as the initial weight w in the ADF tests the product of all possible
combinations among pairs of regressors, i.e., w(Z;) = ZZth, i,j = LG, LV, SG and SV, measuring
all the interactions among regressors. None of the ADF tests find evidence against the pure location
model. The maximum value for the test statistics are 0.7767 and 0.1349 for the CvM and KS tests,
respectively, and they are attained at w(l;_1) = (ZtLV)Q. These correspond approximately to p-
values of 0.30 and 0.40, respectively. Therefore, our application suggests that the LQR model is

correctly specified, and moreover, a pure location model seems to be a good model for this data set.
6.2 The Pennsylvania Reemployment Bonus Experiments

In this section we shall reanalyze the Pennsylvania reemployment bonus experiment conducted
by the U.S. Department of Labor in the 1980’s in order to test the incentive effects of alternative
compensation schemes for the unemployment insurance (UI). There have been a large significant
empirical and theoretical literature focusing on this data set and similar experiments, see Koenker

and Xiao (2002) or Chernozhukov (2002) and references therein. In these controlled experiments,
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UI claimants were randomly offered a cash bonus if they find a job within some prespecified period
of time and if the job was retained for a specified duration. The objective of these experiments was
to evaluate the impact of such a scheme on the unemployment duration.

As in the aforementioned studies, we focus here on the compensation schedule that includes
a lump-sum payment of a six times the weekly unemployment benefit for claimants establishing
the reemployment within 12 weeks (in addition to the usual weekly benefits). The definition of
unemployment spell includes one waiting week, with the maximum of interrupted full weekly benefits
of 27. The number of observations is 6384.

Koenker and Xiao (2002) fitted to this data set the linear quantile specification

th = 0()0(&) + Qol(a)Dt + 962(C¥)Xt + 5t,aa (21)

where Y; is the log of the duration of unemployment, i.e., ¥; = log(7}), D; is the indicator of the
bonus offer, and X is a set of socio-demographic characteristics (age, gender, number of dependents,
location within the state, existence of recall expectations, and type of occupation). See Koenker and
Xiao (2002) for a detailed analysis of this data set.

In Koenker and Xiao (2002) the interest was mainly in testing for restrictions on the parameter
Oo() in the LQR model (21), e.g. testing for a pure location model, testing if the treatment effect
is constant across the range of quantiles of interest and whether the treatment was unambiguously
beneficial. Here in the present article we are concerned with testing if the LQR model is correctly
specified.

We set € = 0.15 and m = 15 and compute our CvM subsampling test for this data set taking
b = 3000 (see Chernozhukov (2002) for motivation on this choice). We have obtained an empirical
p—value of 0 with the subsampling test, and hence, CvM,, strongly rejects the LQR specification.
Other values of €, m and b yield the same conclusion. For the pure location model, our results based
on the ADF tests coincide with those obtained by Koenker and Xiao (2002) and Chernozhukov
(2002), rejecting the pure location model. The KS test using w(Z;) = Dy By, where B; is a dummy
variable which is 1 if the individual is black and 0 otherwise, rejects the location model at 10% and
5% with a value of 1.353, but the CvM test does not find evidence against the location model for
this choice of w. Other choices of w lead to stronger rejections by ADF tests. For instance, the
choice w(Z;) = Fid;, where F; is a dummy variable for gender (1 if female, 0 otherwise) and d;
is the number of dependents, lead to rejections with both, the KS and CvM tests, with respective
values 1.523 and 0.566, and confirming the need of an interaction term between these two variables,
as expected given the nature of the experiment.

Summarizing, we find evidence against the LQR model with our subsampling-based test and
against the pure location model with the ADF tests. Notice that the asymptotic properties (e.g.

consistency) of the estimator of dy(«) in (21) are not necessarily affected by the misspecification of
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the LQR but are at least questionable. More concretely, even if the LQR model is misspecified it is
still possible that 8,,(«) in (21) estimates consistently 0y («) defined by the moment conditions

E[\Ila(}/t - eg(a)zt)zt] = Ov Va € T? (22)

see Kim and White (2003). But more importantly, it is possible that under misspecification of (21)

still the condition
Ga(D: =1, X;) — go(Dy = 0, X)) = 6p1(a) as for all « € T,

holds, which is the object of interest in this experiment. If the concern is not in testing the validity
of the LQR model against all alternatives, but in testing the LQR model against those alternatives
where go(D; = 1, X)) — qo(Dy = 0, X;) and g1 () differ, more efficient tests taking into account
that information are possible, see Escanciano and Song (2006) for a related problem in a different
semiparametric testing setup. The development of such efficient tests in the present context is an

interesting problem that deserves further attention and is a direction of future research.
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APPENDIX. PROOFS

First, we shall state a weak convergence theorem which is an extension of Theorem A1l in Delgado
and Escanciano (2006) and that is of independent interest. Let for each n > 1, I}, o, ..., I}, ,_1, be
an array of random vectors in R?, p € N, and Y}, 1,..., Y, », be an array of real random variables
(r.v.’s). Denote by (2., Ay, Pn), n > 1, the probability space in which all the r.v.’s {Y, ¢, I}, 1} 4
are defined. Let F,,;, 0 <t < n, be a double array of sub o-fields of A,, such that F, 1 C Fy 4,

t =1,...,n and such that for each n > 1 and each v € H,
Elw(Yn, Int—1,7) | Fri—1] =0 as. 1<t<mn, Vn>1. (23)

Moreover, we shall assume that {w(Yy, ¢, In,t—1,7), Fn,t, 0 < t < n} is a square-integrable martingale
difference sequence for each v € H, that is, (23) holds, Ew?(Y,, ¢, Int—1,7) <oocand w(Yy, 4, Int—1,7)
is F, +-measurable for each v € H and Vt,1 <t < n,¥n € N. The following result gives sufficient

conditions for the weak convergence of the empirical process

an,w(ly) - n_l/2zw(Yn,tv In,tfla ’V) ’7 S H

t=1
Under mild conditions the empirical process a, ., can be viewed as a mapping from ,, to {>°(H),
the space of all complex-valued functions that are uniformly bounded on H, with H a generic metric
space. The weak convergence theorem that we present here is funded on results by Levental (1989),
Bae and Levental (1995) and Nishiyama (2000). In Theorem Al in Delgado and Escanciano (2006)
‘H was finite-dimensional, but here we allow for an infinite-dimensional H. The proof of theorem
does not change by this possibility, however.

An important role in the weak convergence theorem is played by the conditional quadratic variation
(CV) of the empirical process a, ., on a finite partition B = {Hy;1 < k < N} of H, which is defined

as

n
CVyw(B) = max n_le sup  |w(¥nts Ini—1,71) — Wty Inte1,79) |2 | Fraea |- (24)
=1 Yi:Y2€HE

Then, for the weak convergence theorem we need the following assumptions.

W1: For each n > 1, {(Y,1, [n—1) : 1 <t < n} is a strictly stationary and ergodic process.
The sequence {w(Yy ¢, Ini—1,7); Fni, 1 <t < n} is a square-integrable martingale difference
sequence for each v € H. Also, there exists a function Cy,(7v1,72) on H x H to R such that
uniformly in (yq,72) € H X H

n
nil Z w(}/n,ta In,t—la Vl)wc()/’n,ta In,t—ly 72) = C’w(ﬁyh 72) + OPn(l)-
t=1
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W2: The family w(Y,, ¢, Int—1,7) is such that a, ,, is a mapping from €,, to £>°(H) and for every
d > 0 there exists a finite partition Bs = {Hg;1 < k < Ns} of H, with Ns being the elements

of such partition, such that

/ Viog(Ns)ds < oo (25)

and

CV, (B
sp LB _ g, 1), (26)
5€(0,1)NQ ]

Let (oo, () be a Gaussian process with zero mean and covariance function given by Cy,(v1,7,). We

are now in position to state the following

THEOREM A1l: If Assumptions W1 and W2 hold, then it follows that

Oy == Qoo 10 °(H).

PrROOF OF THEOREM Al: Theorem Al in Delgado and Escanciano (2006).

COROLLARY Al: Assuming that W1 holds for w(Ya ¢, Ini—1,v) = Yo (Yo t—m(In -1, 00(@))) exp(iz' I 1—1),
v=(z,a) €I, A1(b) and that

n_lz |In,t71|2 = OPn(l)a
t=1

then the weak convergence of Theorem A1 holds.

PrOOF OF COROLLARY A1l: We shall apply Theorem Al. Let us define the metric

d(’Ul,’UQ) = \/|041*042|+‘:E171‘2‘2, U1, U2 e II.

Then, we define an d-bracket as an interval [vi,vs] such that v; < ve and d(vi,ve) < §. The
bracketing number N (4,11, d) is the minimum number of d-brackets needed to cover II. Then, it is

easy to show that

/ V1og(N(3, 1T, d))d6 < oo
0

holds. It remains to show that (26) holds. Counsider a partition Bs = {Hy;1 < k < N(§,1I,d) = Ns}

of I in d-brackets Hy, = [v;,, U], with v, = (2}, @;,)" and T, = (T}, @), z;, < Tj and ¢y, < @j. Define
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ent(a) =Y, —m(ly—1,00(c)). Then, by simple algebra and the monotonicity of 1(g, (a) < 0)
due to Al(b), CV,, ,(Bs) in (24) is bounded by

2 max nile [ sup  |1(eni(e) <0) — a1 — 1(ep(a2) <0) + 042|2 | Fri—1

1<k<N. P v1,v2E€H},
n
-1 T/ . 2
—|—21<mkzi>lcvn E [ sup |exp(iziIn—1) —exp(izgln 1—1)] }
=F=Ne t—1 Lvi,v2€Hy

1<k<N,
t=1

n
= G {O‘k—ak|+|xk—xk|2”_1z|[nvt12}.

Hence, (26) holds for the partition Bs. Therefore, W2 of Theorem A1l holds and the corollary is
proved. [J

PrOOF OF THEOREM 1. Follows from Corollary Al. OJ

THEOREM A2. Assume Assumptions Al(c-d), A2, A3(a), and that there exists a 01 € B such that
10n — 015 = op(1). Then, uniformly in (z', ) €11,

R, (z,0) = % Y {Wale(61)) = E[Waled(61)) | Fioal} explia’ 1) (27)
t=1
+% Y AEWa(e() | Fiilo=o, — El¥alen(01)) | Fin]} exp(ia'T;-1)

—1—% Z E[W,(ei(01)) | Fi1]exp(iz'l;_1) — E[E[Yo(e:(01)) | Fro1]exp(iz’I;_1)]
+VnE [E[Pa(e(01)) | Fr1]exp(ia'li—1)] + op(1).

PROOF OF THEOREM A2: Write wy_1(v,0) := {U,(e1(0)) — E[Wq(er(0)) | Fio1]} exp(ia’[;_1). First

we shall show that the process
1 n
Sn(v, 9) = ’LU/_l(U, 0)

is asymptotically tight with respect to (v,0) € W =1I x B.

Let us define the class £ = {w.(v,0) : (v,0) € W}. Denote Xy 1,00 = (l4—1,11—2,...)". Let
Bs = {By;1 <k < N5 = Ny(6, K, |||}, with By = [wy (Y, X¢—1,00), We(Ys, Xi—1,00)], be a partition
of K in ¢-brackets with respect to |||, , where ||-||, denotes the Ly norm of random variables, i.e.,

IX1, = (B[x2)"2.
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Conditions Al(c-d) and A2 imply that for a sufficiently small § > 0

sup |wi—1(v1,01) — wi—1(v2, 02)] (28)
(v2,02)€Aid(v1,v2)<8
101 =025 <6 9
< C sup [Wa, (et(01)) — Wasy(er(2))]|| +CO
(v2,02)€A:d(v1,v2) <8
16102 5<é 9

Cs? o5 < 52,

IN

Theorem 3 in Chen et al. (2003) and A3(a) yield that (25) holds for such partition. Therefore, by
) follows, and condition W2 of Theorem Al holds. The

similar arguments as in Corollary A1, (
asymptotically tightness of S, (v,0) is then proved
Now, write

alec(01)) — B[V, (er(01)) | Fio1]}expliz’T;—1)

) | Fi-1lo=s, +op(1),

e
L

and (27) follows. O
= .s. From the

PROOF OF THEOREM 2: Under the null §; = 6y and E[U,(e:(0o)) | Fim1] = 0 as

expansion in (27), it follows that, uniformly in v € II

RL() = %Zwet(ao))exmm’um
fZ{E (0)) | Fi-1lo=o,, — E[¥alet(00)) | Fi—1]} exp(iz’L;—1) + op(1)

= Z{Fh L(m(Li—1,6,)) —

Now, from A1(d) and Koul and Stute (1999, pp. 228-229), uniformly in v € II

1 n
T Z {Flt,l(m(ftq, gn)) - Flt,l(m(Itflye() }GXP 1w I 1)

Vn(0, —0p)—

3

12 (Ti-1.00) f1,_, (m(To—1,00)) exp(iz'T,1) + 0p(1)

This together with Theorem 1, A2(c) and A3 proves the theorem. OJ

PrOOF OF THEOREM 3: From Theorem A2 and the Ergodic Theorem

n

sup 12[‘1’ (er(0n(a))) exp(ia'Ti—1) — E[Wa(er(01(a))) exp(ia’li—1)]| = op(1)

vell [
26

F[t 1( (It_l,Ho))}exp(ix’It_l)+0P(1).
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Let W =1I x B. Let w = (2',,6'(-))’ be a general element of WW. The space W is endowed with
the metric

p(wi,we) = |z — x2| + g — az| + SUPT>|91(04) —02(a)|,
aEe

where wy = (2], a1,07(+))" and wy = (2, aa,05(:))’ belong to W. Let B(w,d) be the open ball of
radius § around w, i.e., B(w,d) = {w; € W : p(wy,w) < §}. Note that A1-A3 yield that for each
w= (2',a,0'(-)) € W it holds that

giH(I)E su%:) : [ U, (e:(01(1))) exp(iziT;—1) — Uo e (0())) exp(ix’[t,1)|2 =0.
- w1 €B(w,d

Therefore, E[¥,(e:(01(x))) exp(ia’l;—1)] is a continuous function of v = (2, )’. Therefore, under
the alternative H4 we have that the function E[U.(e:(01(+)))1(Iz—1 < -)] is different from zero in a

subset with positive Lebesgue measure on II. O

PROOF OF THEOREM 4: The proof follows from Theorem A2 and Assumptions A4 and A5 jointly

with A3’ in a routine fashion, and then, it is omitted. (I

PROOF OF THEOREM 5. The proof follows the same steps as Theorems 2, 3 and 4 of Whang (2004)
and then, it is omitted. [J

Before proving Theorem 6 we need a useful Lemma. To emphasize the dependence of X(5) on
I;_1, we write when it is convenient X;(8) = X(I;—1,08). Notice that in the context of location-
scale models fg(a) = (Bo1(),002()) = (By, Fi H()). Write similarly, 0;(a) = (611, 012(a)) and
2() = (021, 022(x)). Define the process

Ko(3.0.0) = <=3 X (11, BV < m{Ti-1,0(a)) — o)

indexed by (8,,0) € Cp,k x T x B, where C,,  is a shrinking neighborhood of 3, such that for a
sufficiently large K > 0,
Co = {B €05 :Vn|B— B < K}

LEMMA Al: In the context of the location-scale model in (9). Under Assumption A7, and that
F, is strictly increasing the process K, (0, «, ) is asymptotically tight with respect to (8, a,0) €
Cn,K x T x B.

PROOF OF LEMMA A1l: Let us define the class of functions Ky = {X (I;—1, 8){1(Y; < m(l;—1,0())—
at:(B,a,0) € Chx x T x B}. Denote now Xy 1,00 = (I1—1,l4—2,...)". Let Bs = {By;1 <k < N =
Nyp(6,K1, |Ill5)}, with By = [wy, (Ys, Xt—1,00), Wk(Yz, X¢—1,00)], be a partition of Ky in J-brackets
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with respect to ||-||, . Write w,—1 (83, o, 0) = X (Le—1, B){1(Ye < m(I;—1,6(c)) —a}. Condition A7 and
triangle’s inequality yield

E sup |wi—1(B1, 1,01) — wi—1(Bo, a2, 02)]
(Bg,a2,02)EA:|a; —an | <5
[81—B2|<8,[101—02]| <o

2 1/2 1/2
< C(BIXUE1.8)F) " (Fulbrz(en) = 6) = FulBralen) +0))* +C5

+E| sup | X(L—1,B1) — X(Li—1, Bo)|| < C8'/2,

|ﬁ17ﬁ2|S6

for a sufficiently small § > 0. Theorem 3 in Chen et al. (2003) and A3(a) yield that (25) holds for
such partition. Therefore, by similar arguments as in Corollary A1, (26) follows, and condition W2

of Theorem Al holds. The asymptotically tightness of K, (53, «,0) is then proved. O

PROOF OF THEOREM 6: Write q;(cv, 0,,) := {1(u¢(8,,) < F, () — o} and
Khol@) = J=dtwllin) =T KB a(a0)
= Z{w Ii—1) = (Bo) Xe(B,) e (e, )

= Iln(Oé) —+ IQn( )

From A7 and the uniform law of large numbers of Jennrich (1969),

W;L(ﬁn) - 7/(50)| = OP(I)a

and from Lemma A1,

ZXt n Qt a an) = OP(I)

sup
acT

Hence sup, ¢ [I2n(a)| = op(1).

As for I, (@), again by Lemma Al and writing w(l;—1, By) := w(Ii—1) — v (80) Xt(Bo),

sup | I1n (

a€eT

op(1).

Zw I 1,50 Qt(a 0 )

v

Define

f(h1,B) = f(TaiBo) A1, Ba) = BT, Bo)
h(Ii—1, Bo) 2 (1,1, Bo) ’

and iy, (@) := F, ) (@) + dip + don F, ) ().

dltn =

Now,
n

%Zw(ft—laﬂo)qt(aa an) = Aln(a) + AQn(a) + ASn(a)a (30)
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where

Aun(a) = %Zwm_l,ﬁo)qt(a,%),

Aon(@) = == 3 w(li1, Bo){ge(c, 0n) — (@, 80) — Fulinn(@) +a}
Jn
t=1

and

Apo(0) = == Y w(Tims. Bo) Pl n(0) — a}.
t=1

By similar arguments to those of Lemma A1 it can be shown that sup,c7 |A2n ()| = 0op(1). Whereas,

from the arguments of Koul and Stute (1999, pp. 228-229), it can be shown that, uniformly in a € 7,

Asp(@) = Va(F,(a) = Fr () fu(Fy (@) Blw(li-1, By)] (31)
+\/ﬁ(ﬁn - BO)/b(a’ w, BO) + OP(l)'

The theorem follows from (30), (31) and Lemma Al. O
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TABLE I:

AsyMPTOTIC CRITICAL VALUES. CRAMER-VON MISES

m=9 m =15 m =21
€ 10% 5% 1% 10% 5% 1% 10% 5% 1%
0.05 0.343 0458 0.744 0.343 0.458 0.738  0.343 0.458 0.738
0.10 0.334 0447 0.731 0.333 0.446 0.730 0.333 0.447 0.729
0.15 0.317 0.429 0.694 0.317 0.428 0.693 0.317 0.428 0.694
0.20 0.293 0.398 0.652 0.293 0.398 0.651 0.293 0.398 0.651
0.25 0.262 0.358 0.598 0.262 0.358 0.596 0.263 0.358 0.598
0.30 0.222 0.308 0.514 0.222 0.308 0.511 0.222 0.307 0.513
0.35 0.176 0.243 0412 0.176 0.244 0.412 0.175 0.244 0.411
0.40 0.124 0.172  0.292 0.123 0.172 0.291 0.123 0.172 0.290
0.45 0.064 0.091 0.156 0.064 0.091 0.156 0.064 0.091 0.156
m = 50 m = 100 m = 1000
€ 10% 5% 1% 10% 5% 1% 10% 15% 1%
0.05 0.343 0.458 0.737 0.342 0.458 0.737 0.342 0.458 0.736
0.10 0.334 0445 0.726 0.333 0.446 0.727 0.333 0.445 0.726
0.15 0.317 0.429 0.692 0.317 0.428 0.693 0.317 0.429 0.692
0.20 0.292 0.397 0.651 0.293 0.397 0.652 0.292 0.397 0.653
0.25 0.263 0.358 0.597 0.263 0.358 0.597 0.262 0.358 0.597
0.30 0.222 0.307 0.512 0.222 0.307 0.511 0.222 0.307 0.511
0.35 0.176 0.244 0411 0.175 0.244 0.412 0.175 0.244 0.411
0.40 0.123 0.172  0.291 0.123 0.172 0.290 0.123 0.172 0.291
0.45 0.064 0.091 0.156 0.064 0.091 0.156 0.064 0.091 0.156
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TABLE II:

AsyMPTOTIC CRITICAL VALUES. KOLMOGOROV-SMIRNOV

m=9 m =15 m =21
€ 10% 5% 1% 10% 5% 1% 10% 5% 1%
0.05 1.028 1.163 1427 1.075 1.211 1.473  1.099 1.232 1.496
0.10 1.039 1177 1453 1.083 1.218 1.492  1.105 1.242 1.509
0.15 1.063 1.188 1.453 1.094 1.227 1.496 1.114 1.246 1.515
0.20 1.064 1.201 1466 1.099 1.236 1.504 1.118 1.255 1.527
0.25 1.069 1.208 1.482 1.103 1.240 1.518 1.120 1.258 1.535
0.30 1.069 1.213 1484 1.097 1.241 1.514 1.112 1.254 1.530
0.35 1.058 1.206 1488 1.083 1.230 1.512  1.095 1.242 1.525
0.40 1.035 1.183 1473 1.054 1.202 1.492 1.064 1.213 1.502
0.45 0.986 1.141 1.445 0.999 1.153 1.456 1.006 1.160 1.462
m = 50 m = 100 m = 1000
€ 10% 5% 1% 10% 5% 1% 10% 15% 1%
0.05 1.143 1.276 1.541 1.167 1.298 1.565 1.201 1.333 1.598
0.10 1.147 1.283 1.556 1.168 1.304 1.574 1.201 1.337 1.604
0.15 1.153 1.286 1.554 1.173 1.306 1.572  1.202 1.335 1.601
0.20 1.1563 1.292 1.561 1.171 1.309 1.579 1.198 1.336 1.606
0.25 1.152 1.290 1.566 1.168 1.307 1.584 1.191 1.330 1.607
0.30 1.138 1.284 1559 1.154 1.298 1.574 1.173 1.318 1.593
0.35 1.118 1.266 1.551 1.131 1.278 1.561 1.145 1.292 1.577
0.40 1.083 1.232 1519 1.093 1.241 1.530 1.103 1.251 1.539
0.45 1.018 1.173 1475 1.024 1.178 1.482 1.027 1.181 1.484
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TABLE III: Empirical size and power. 5% of significance level. DGP1

DGP1 CvM, KSn1 | CuMy, | KSp2 | CoMy o

c1 n k=9 k=10 k=11

0.0 100 4.8 6.3 7.5 5.2 5.5 5.0 5.7
300 4.0 4.0 4.3 4.5 4.3 5.5 5.6

01 100 43.4 44.1 38.3 61.1 69.4 97.7 99.1
300 98.2 97.3 97.0 98.3 98.7 100 100

0.9 100 81.0 78.4 69.8 93.3 95.4 100 100
300 100 100 100 100 100 100 100

0.3 100 93.4 92.0 87.4 98.2 98.9 100 100
300 100 100 100 100 100 100 100

TABLE IV: Empirical size and power. 5% of significance level. DGP2

DGP2 CvM,, KSp1 | CuMyy | KSp2 | CuM, o
C2 n k=3 k=4 k=5
0.0 100 5.1 5.1 6.1 5.2 5.9 5.2 5.5
300 4.9 4.7 4.3 5.5 6.0 4.6 4.7
01 100 9.1 9.4 9.1 14.8 15.8 25.1 29.7

300 22.1 21.6 20.8 36.5 41.4 73.9 78.4

100 23.8 23.7 23.6 40.0 44.5 73.6 80.1
300 76.4 75.4 73.0 87.0 91.7 99.9 100

0.2

100 46.2 43.1 44.2 64.8 70.9 94.7 97.4
300 97.2 97.5 96.7 98.7 99.1 100 100

0.3
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